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ABSTRACT. In this article we consider the Matukuma type equation
Au+ K(|z)u? =0 in RN, (%)

for positive radially symmetric solutions. When K satisfies some suitable mono-
tonicity assumption, there exists a unique ground state of (x). In this work we
find a large class of K functions for which this monotonicity assumption fails and

a large number of bubble-tower ground states exist.

1. INTRODUCTION

This paper concerns to the study of positive radial solutions for equations of the
type

Au+K(r)u? =0 in RY, (1.1)

where N > 2, p > 1, |z| = r and K(r) > 0, which was proposed by Matukuma [19]
as a model in Celestial Mechanics for the dynamics of a cluster of stars, where u is
the gravitational potential and K (r)u? is the density of stars, see Li [14] for more
details.

This type of equations has been studied in last decades by many authors under
certain monotonicity conditions related with K. Under this assumption the solution
set is very simple and there is only one fast decay ground state.

Recently, Felmer and Quaas [8] found examples of K functions such that the
solution set become very complex and a large number or infinitely many fast decay
ground states exist.
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In this article we prove the existence of a large number of bubble-tower fast
decay ground states to (1.1) for a large class of K functions. This establishes two
interesting features: i) the complexity found in [8] some how persists for a large
class of K functions, and ii) this type of equations are close connected with other
type of semilinear elliptic equations without weight function, as we will see below.
Moreover, this paper is a first step in relating these types of problems since analogous
results hold.

We first start reviewing some known results.

If K =1, then (1.1) is known as Emden-Fowler equation, and there exists only one
fast decay ground state, up to scaling, for p = (N 4 2)/(NN — 2) the critical number.
Here we understand as a fast decay ground states a positive solution satisfying
lim, o 7V 72u(r) = ¢ for certain ¢ > 0.

When K is given by a pure power function K = r‘, then there is a new shifted

critical value which is

N+2+20
N-2 "~

as was proved by Ni and Nussbaum [21].
To continue with the known results, let define now the growth rate function of K

rK'(r)
K(r)

P(r) =

N+2+2P(r)

If this function is not constant, then the critical exponent ——=

will vary with

r and the structure will be more complex. Under the condition on P
(H) P(r) is non-increasing and non-constant over (0, 00).

Writing

o=1lmP(r) and ¢= lim P(r),

r—0 r—00

then the Sobolev critical number is shifted to an interval (peo, po) Wwhere

 N+2+20

N+2+2¢
Po = N _29 .

d pe = 1,
and p max{ N9
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In this situation Yanagida and Yotsutani [27] proved, under the additional condition
po > 1, that there is a unique £ such that the initial value problem

N -1
v+ ——u'+ K(r)u? =0 r>0, u0)=£>0, 4/(0)=0,

,
has a positive fast decay solution if p € (peo, po)-

In another paper Garcia-Huidobro, Mandasevich and Yarur [12] studied the equa-
tion (1.1) for the operator p-Laplacian and formulated the growth rate of K by
means of a different function

2rN K (r)
(N —=2) [ sN1K(s)ds’

m(r) =

Moreover, assuming that

(H) m(r) is non-increasing and non-constant over (0, 00),
the authors in [12] defined the critical numbers

po =limm(r) —1 and pe = max {1, lim m(r) — 1}

r—0 r—00

and also proved that, for p € (pso, po), & unique fast decay solution exists. Asymp-

totically, po and pg are equivalent for m and P, but (H) and (H) are not. In fact,
the authors in [12] gave an example for which condition (H) holds while (H) is not
true. The existence of a fast decaying solution can be done by a topological argu-
ment, however the proof of the uniqueness of the fast decaying solution is highly
nontrivial. For the Matukuma equation, that is K(r) = 1/(1 + r?), the uniqueness
was first proved by Yanagida in [24]. Since then many authors contributed to the
study of this type of equations. For instance, we mention here the work by Garcia-
Huidobro, Kufner, Manésevich and Yarur [11], Kawano, Yanagida and Yotsutani
[13], Li and Ni [15], [16], [17], Ni and Yotsutani [22], and Yanagida and Yotsutani
[25], [26].

In the present paper we want to study the case 0 < o < £ or equivalently py < poo
for a general class of K functions, not only for an example as in [8]. Roughly

speaking, under this condition the equation behaves like supercritical for small values

of r and subcritical for large values of r and the structure of the solution set that
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appears will be the same as in other equations mixing supercritical and subcritical

nonlinearities, as we will see next. We start with the problem
Au+u? +u?=0 in RY, (1.2)

p < (N+2)/(N—2) < g, first considered by Lin and Ni [18] and further investigated
by Bamén, del Pino and Flores [1], Flores [10] through a dynamical system approach
and recently Campos [2] which is close connected with our results.

Another type of equation with this phenomena is
Au+ f(u)=0 in RY, (1.3)

with f given by f(u) = w? if 0 < u < 1 and f(u) = u? if u > 1, where 1 < p <
(N+2)/(N—2) < q. When the role of p and ¢ are reversed, the structure of positive
solutions has been completely described by Erbe and Tang in [6], see also [23] and
[5], where there is a unique fast decay solution.

Now let us state our results. We start with the precise assumption on K. The

function K : [0,400) — R is nonnegative and continuos such that

lim M =C; >0 and lim K(r)

r—0 v r—oo 1t

=Cx >0, (1.4)

where 0 <o <l <2(0c+2)and (N +0)/2 <.

A model case is K(r) = Cor® + Br* + Cyor? for 0 < pu < f, with the above
condition on the parameters and B > 0.

Our first result give the existence of a large number of fast decay ground states

to (1.1) with an exact asymptotic formula.

Theorem 1.1. Let N > 2. For any k € IN, k > 2, there exists g > 0, such that,

for all 0 < e < &g, the problem (1.1) with p = py + € has a solution u. of the form

: 1
a’f‘g_<Z_I_P0+1>

=1 (1 + (Oﬁ)pofl 5_(i_l_ﬁ>(m—1) ‘x|2+0) ro~1

1

with o(1) — 0 uniformly in [0,4+00) as e — 0. Here, §, = (%)ﬁ and the

af’s are explicit constants depending only of N and K.
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Remark 1.1. a) This bubble-tower type of solution were first found by Chen and
Lin [3] in the case of equation (1.1) with a function K which is a perturbation from
a constant and p is the critical exponent. This result is obtained through an ODE
approach. Note that equation (1.1) arises also from problems in conformal geometry
(see [3] and the references there in).
b) We believe that our result has an analogous for equation (1.3) with 1 < p <
(N+2)/(N—-2)<q.
c) In [27] and [20] the authors show, through some numerical example, that the

uniqueness of the fast decay solutions fails.

Finally, we give some how the dual of our main Theorem, which corresponds to

flat bubbles.

Theorem 1.2. Let N > 2. For any k € IN, k > 2, there exists g > 0 such that, for

all 0 < & < &g, problem (1.1) with p = ps — € has a solution u. of the form

k s (i-1-5057)
w(0) =6y Ore — (1+0(1),

=1 (1 + (6;)]700*1 e(iflfﬁ)(pmfl) |x|2+o'>Po<>7*1

1

with o(1) — 0 uniformly in [0,+00) as € — 0. Here, § = (%) " and

the B} ’s are explicit constants depending only of N and K.

The method used in the proof of our two theorems is a variation of Lyapunov-
Schmidt reduction, that has become now very classical in singular perturbed prob-
lems. This reduction was first used by Floer and Weinstein [9] in the context of
partial differential equations. This method was adapted to find bubble-tower so-
lution in the Brezis-Nirenberg problem by Del Pino, Dolbeault and Musso [4] and
after that by many others authors in similar problems. We mention here the paper
by Campos [2] for equation (1.2) which is close to our work. Here we does not give
the proof of our second theorem, since the argument are similar to those used in the
proof of Theorem 1.1.

In all equations before mentioned the existence of a large number of fast decay

solutions can be seen in a three-dimensional dynamical systems (by Emden-Fowler
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transformation) as a large number of intersection points between a two dimensional
stable manifold with a two dimensional unstable. Our results and the results in [2]
and [1], can be seen as a perturbation argument from a homoclinic orbit in some
plane of this dynamical system. Moreover, if there exists a slow decay solution
(which is always unique, because it corresponds to a one dimensional manifold)
implies that these intersection points are infinitely many, see Flores [10] for equation
(1.2). Notice that equation (1.1) with the model case K(r) = 1 + r? admits a slow
decay solution of type u(r) = A(B + r?)*, s = —2/(p — 1) for suitable exponents p
and constants A and B. In this case using the same argument as in [10] it can be
proven that exist infinitely many fast decay solutions.

Finally, observe that the complete understanding of the dynamical systems or all
solution set is wide open in these three types of equations, with exception of the
particular case found in [8]. So, many basic and challenging questions still remain
open for all these equations. Moreover, we strongly believe that they are closely
connected and that the complexity found in [8] is present in all of them.

This paper is organized as follows. In section §2 we compute the energy for our
approximate solution of the transformed problem, through Emden-Fowler change
of variable. In Section §3 we discuss the finite-dimensional reduction scheme that
we will use to establish our main result, which is proved in Section §4 by means of

degree theory.

2. PRELIMINARIES AND THE REDUCED ENERGY

We start introducing the change of variable
v(t) =elu (e_ﬁg , VteR,

which is a slight variation of the Emden-Fowler transformation so fast decay solution

of (1.1) satisfies

V" (1) = v (t) — Ble Pl K (eP)uPote (1), t € R,
limy_ o0 v/ (t) = 0, (2.1)

limy_, o v(t)e! =0,
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where (§ = N _ 9 Note that if € — 0, the equation above it is carried out to the

following limit equation

2+ N420

V" (t) = v (t) — e PR (P TN (1), (2.2)

On the other hand, note that conditions over K in (1.4) are equivalent to

. e K (ePY) — O . K(ef)
tEeroo ebt =C1>0 and tEI—noo eptt

=Cx > 0. (2.3)
In particular, the condition above on the left-hand side implies that
Jim e PK () = Cy > 0. (2.4)

Then, one can choose constants 1, ty, with t; < 0 <ty and ¢y, |#;| sufficiently large,

such that
( 1 Bet t 1 get - 7
Coow—— e < K@) < (Cuo+=— ) ift<ty,
21 2ng
0 < K(eﬁt> < SuPtEﬁlyfz} K(eﬁt)7 if %1 <t< EQa (25)
1 1 _
Co—— |’ <K< [Co+— )", ift>1,,
\ 2710 277,0

for some ng € IN fixed large enough verifying Cy — ﬁ > 0 and Cy — ﬁ > 0. In

this way, for p > 0 fixed but arbitrary, it is suitable consider the following equation

2 2 2 20
U,/—U—I—p(m) U-~_]\]7\]—-~_2 =0 iHR,

and its explicit solution is

N-2 e
Ulp;t) = ((N TN - 2)) o et (1 + 6*72533”> @t
p

Now, we define U := U(Cy; ) and introduce the functions

Ut)=U(t—7) and V(t)= zk: Ui(t), (2.6)

i=1
where ; € R and k € IN, £ > 2. Roughly speaking, we are looking for solutions v

of (2.1) which are approximately of the form

v(t) = V(1) + ¢(t),
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which for suitable points to < 77 < T < ... < T}, with ¢y is given by (2.5), we will
have the remainder term ¢ of small order all over R.
Here we do the following choice of the points 7;
T =— L loge — log A1,

po+1 (2.7)
Tiv1 — T; = —loge — log A\iy1, Vi=1,2,...,k—1,

and by simplicity we put 7 = (11, 72,...,7) € R* and X = (A1, A2, .., \) € RF.
Since solutions of (2.1) correspond to stationary points of its associated energy

functional F. defined by

62 /+oo B
E.(v) = J. (v) - ——— = (e 77K (e7) — Cp) v tHed 2.8
)= J0) = [ (IR () = Co) o s, (28)
where
1 +oo 5 1 +o0 COﬁZ +o00
Je S ! - 2 Yo~ €s p0+1+€d 29
(v) 2/00 (U)+2/oov po+1+6/ooev > (2.9)

our first goal is to estimate E_(V).

Lemma 2.1. Let N >2, 0 <l <20+ N, k€N, k>2andd > 0 fired. Moreover,

assume that

< <ol Vi=1,2,... k. (2.10)
Then, for V defined by (2.6) and points 7; as in (2.7), there are positive numbers
aq, Q, a3, g and as depending only on N, K, such that

2+ (k—=1)(po+1)
2(po + 1)

E.(V) = kay + €U (X) + ek < log 8) as +e0.(N), (2.11)

where

=2 i=1

k k
\Ilk(X) = — Z )\iQ{Q - )\€0+1063 -+ ]{}054 + (Z(k -1+ 1) lOg )\,L> (071 (212)

and QE(X) — 0 as ¢ — 0, uniformly in the C'-sense with respect to the values \;

satisfying (2.10).

Here and in the rest of this paper, we denote by C' a generic positive constant

which is independent of £ and of the particular 7;’s chosen satisfying (2.7).



LARGE SOLUTIONS OF FAST DECAY 9

Proof. Firstly, we estimate J.(V'). Note that

Je (V) = JO (V) + Al,e + AZ,E + A3,e ;

where
1 +oo 5 1 “+o00 0052 +oo
Jo (V)= = V' - VQ——/ ypotl
0( ) 2/—00( )+2/—oo p0+1 —0 ’
Al _ (0052 . 0052 )/+OO Vpo+1
T \p+l po+l4e) ) o ’
Ay = Cop? /+OO (Vpo+1 _ VPO+1+E)
< Po + 1 + ¢ — 0o
and
C 2 +oo
A3,6 = (—0/6 ) / (]_ — 668> vp0+1+6d8.
Po + 1 +¢€ —00
Using a Taylor expansion, is not difficult to check that
k C 2 +oo
A, = 5—052/ UP* 40 (e), (2.13)
(po+1)" Jowo
kECoﬁz /+oo
Ay, =— UPH InU + o (e 2.14
e = [ © (214)
and if we consider from now on
Ti + Tit1 .
fo = =00, fli=——F—, fori=1,2...,k—1, and p=+o0, (2.15)
we obtain

k Hi k +00
Aze = —2500/ sVPHlds +o(e) = —80027'1;/ Ut + o(e).
i=1 Ki—1 i=1 -

Then, from the choice of the 7;’s in (2.7), we yield

As . =eCy < k +k(k_D)loge%—i(k:—i—l—l)logk /+OOU”°+1+0(5) (2.16)
€ p0+1 2 p 7 e . .

On the other hand,

Co? [+ k k po+1 o k k-1
0
:p0+1/ S Ut - (ZUi) +0052/ YN vy,
= = T2y
i<
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and so
k k
Jo (V) = Z Jo (U3) + Z (Bui+ Bayi + Bsi),
i=1 i=1
where
po+1 k
C.32 [H k
= S8 [ (oo (L) e 0)
pO + ]' Mi—1 i=1
j=1
Jj#l
W k
By = —0052/ ur Y. U
Hi—1 .
7=1
1<l
and

CoF> [ k 1 k k
B3, = m/ Z U™ + (po + 1) Z Z ur°u; |

Hi—1 X R .
1=1 j=1 i=1
i #1 JFEL i<y

From the Mean Value Theorem we have that

1 k ? &
|Bl,l| < O/ ( Z Uz) ZUipo_l.
p-1 \ i=1
1=1
e

It is follows that if [ € {2,3,...,k — 1}, then putting o = |log | and using the fact
that U (t) = O (e7"), we obtain

s+M g4 M
|Bl,l| S C/ 6—2(9—8)6_(170—1)8 ds S 06—29/ 6_(170—3)5 ds = 0(5),
0 0

where M is a constant that depends only on §, and if [ = {1, k}, easily we get
|By.| = o(e).

Now, if € > 0 is small enough, then from the choice of the 7’s in (2.7) and of the

w’s in (2.15) we get

Hi
B2,l = _0062/ UpOUlfl—i-O(éT)
Hi—1
+o0
= —CyFPyye (1) / UPoe=lsl ds + 0 (€)

—+00

— —eCoB*nN / Urelds +o(e),

—0o0
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. _2t0 .
where 4y = 27 ¥-2U(0) and By = 0. To estimate Bjs; we note that

i k k i k
By < 0/ D UfOUng/ vr Y UL
Hi—1

M-
j=1 1i=1 ' i=1

JAL i< i>1

where p;’s are given by (2.15). Hence, setting again ¢ = |loge| and since U (t) =
O (e7!"), we obtain

s+M
Bul < 0t [T e s = o),
0
where M is a constant depends only on d. So, we get

k o
Jo (V) =kJo(U) =B Y _ A / : UPoe sl ds + 0 (e). (2.17)
=2 -0

Finally, we have that

oo k pot+l+e
/ o5 (e*/BUSK (6’88) _ CO) (Z UZ> ds = Cl’g + 0275 + 0375 ,
—00 i=1
where
oo k po+1+e
Che = / e PR (e (Z Ul) ds,
o0 =1
Yoo k po+1+e
Co. = / (e K (e (Z U,) ds
—o© =1
and

too po+1+e
0375_00/ 1—6 (ZU) ds.

Bearing in mind the constraints (2.10) over \;’s and the choices of y;’s in (2.15),

and considering 0 < ¢ < N + ¢ and constants C’Oo and C’O such that

. - 1
max{|00 — C[)’, ’Coo - Coo’} < — >
o

we obtain by means of straightforward calculates

Cl,s e &TC() Z Ti / Up0+1 + 0(8)
=1 o
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and

t t
Oy = e~ orn (@OO / L 20 Ds g / BN e (655) s

—00 t1

+62'~}/N(CO _ OO) Z e~ (Ti=Ti-1) / UProe=Isl gg

=2 —©
~ +OO
+l€(00—00)/ Up0+1 +0(€).

—0o0

Also we obtain
k Yoo
0375 = _50027_1'/ Up0+1—|—0(€).
i=1 —00

Hence, from previous estimates for C ., Cs. and Cs ., we get

too k po+1l+4e
/ e’ (e‘ﬁ"sK (eﬂs) — 1) (Z UZ-) ds

o0 i=1

. ko k(k—1) I T e
:5(C0—00)<(p0+1+ 5 >log5—|—2(k:—z+1)log)\i>/_ Ut

=1 o0

3 7
et (éoo/l e(”“’2p°Dsds—i—/zeﬁ(2”+N)SK(eﬁs)ds>
—0o0 t1

—+00

k
+€<éo — Co)BQ’S/N Z )\z/ Up0€7|s| ds
=2

~ +Oo
+k(00—00)/ Up0+1 +0(8).

—00
Now, we choose

r (éo o 00)62 /-‘roo )
=) — — Up0+
“ o(U) po+1 _

o0

g = C’Oﬁzny/ UPoe sl ds

062 _ t1 t2
{ a3 = Coo/ e~ (Peo=Po=1)s g +/ 675(20+N)5K(eﬁ5)ds
Po + 1 —00 t:
oy = CO—BQ/JFOO [potl _ CO_ﬁQ/JrOO Uprotlg U
(p() + 1)2 —o0 Po + 1 —o0

~ 22 +oo
\ Do +1 —o0

)

(2.18)

(2.19)
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and since 0 < ¢ < 20 + N, we have that ag € RT. From estimates (2.13), (2.14),
(2.16), (2.17), (2.18) and the choice of the constants «;’s in (2.19), it is follows that

2+ (k—1)(po+1)
2(po + 1)

where Wy, is given by (2.12). Moreover, in all previous estimates the quantity o(e) is

E.(V) = kay +eU,(X) + ek ( log g) as + o(e), (2.20)

actually of this size in the C'-norm as function of the values \;’s satisfying (2.10).

Therefore, (2.11) is obtained from (2.20). O

Remark 2.1. Note that Uy has a unique critical point which is nondegenerate and

it 18 given by:

. ( ks ) (k—Das (k—2as 205 as
as(po+1) ’ (07} ’ Q9 T an T )

3. THE FINITE-DIMENSIONAL REDUCTION

Let us consider points 7; such that t, < 7 < 79 < ... < 7%, with f5 given by (2.5)
and functions U;, V', defined in (2.6). Now, for each i = 1,2,... k, we define the

following functions

, 66(0+2)(t Ti) _ 1
Zi(t) = U(t) = (e —— 1>Ui(t). (3.1)

Here we are interesting in the problem of finding a function ¢ such that

"

—(V4¢)"+(V+¢)—Fete P K (P (V +p)Pote = ch . in R,

+o0o
/ Zip=0, Vi=1,2,... .k, (3.2)

oo

| L, 6(t) = 0.
for certain scalars ¢;. Note that V + ¢ is a solution of (2.1) if the scalars ¢; in (3.2)

are all zero. Also, we note that the differential equation in (3.2) is equivalent to

k
L.(¢)=N.(¢)+ R.+> ¢ Z inR, (3.3)
i=1
where
Lo(¢) = —=¢" + ¢ — B e P K (™) (po + €) Vg, (3.4)

Ne(¢) = e e K () (V + @) = VIOre — (pg + )V 1) (3.5)
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and

k
R. = BPee K (7)) = Y U, (3.6)
=1

A first step is to study the following linear problem: given h € C'(R), find ¢ such
that

(

k
L(¢)=h+> Z; R,
=1

+oo B
/ Zip=0, Yi=1,2,... k, (3.7)

o0

L hmt_,:too ¢(t) = 0,

for certain constants ¢;. We prove the next lemma.

Lemma 3.1. Assume that o < { < 2(o +2) and that there exists a sequence &, — 0

and points 0 < 11* < 73 < ... < 7] depending on €, which verify

T — +00, Hllink(ﬁil — 7)) — +oo, and T =o(g;), (3.8)

such that for certain scalars ¢, and functions ¢, and h,, with ||h,||. — 0, one has

(

k
L., (¢n) =ho+ Y /2" inR,
=1

+o0 B
/ Z'b, =0, Vi=1,2,...,k, (3.9)

o0

L 1imt—>:too ¢n(t> =0,
where Z'(t) = U'(t — 7*). Then
lim [nll =0

Here
k

-1
. = su el 01,
bl s (o) st
where n > 0 is a number to be fixed.

Proof. Firstly we prove that

nh—{go [Pnlloe = 0.
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Arguing by contradiction, we can assume that ||¢,||.c = 1. Testing the differential
equation in (3.9) with Z and integrating twice by parts, we obtain
+oo +oo k +o0
| - | wz=Sa [ zz
The previous equality defines an almost diagonal system on the ¢'’'s as n — +o0
because if ¢ # [, then by the Dominated Convergence Theorem we have that

+oo
/ Zr 7" — 0

[e.e]

and if ¢ = [, then directly we obtain

—+o00 +oo 9
JE -

On the other hand, ||A,||. — 0 implies that

k

| ()] < 0,(t) Z o t=77

=1

for some 6, — 0 uniformly, and bearing in mind that Z?(t) = O(e~*="'l), we get

“+o00
‘ / A

as n — +o00. Also, since

— 0

+oo
< C|fnlls ‘/ e lds

~Z" + Z] = poBPCoUP T Z =0 in R,

o <l < 2(c+2) and from (2.5) one has |K(e’) — Cy| < nio for all ¢ > to, it is

follows that

)[ju%%n

+o00o
= ‘/ (=2 + Z} = (po + ) Fete P K (P VP 20 o,

t1 1o —+o00
<C ( / e PlomOtymoizn 4 / (AR / Uf’o‘lZ{‘)

—00 t1 to

— 0

as n — +oo. Therefore ¢! — 0 as n — +o00.
Now we choose t,, € R such that ¢,(t,) = 1. By theory of elliptic regularity, we

can assume that 3i € {1,2,...,k} such that for n large enough one has

R > 0 such that |t, — 7'| < R. (3.10)
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Let us fix an index ¢ such that (3.10) holds and put ¢n(t) = ¢, (¢t + 7). From
(3.9),(3.10) and elliptic estimates, choosing a suitable subsequence, ggn(t) converges

uniformly on compacts to a nontrivial solution ¢ of

—CEN + Qg - 62PQCOUPO_1¢ =0 1in RN.

Hence ¢ = CU’ for some positive constant C. Nevertheless

+oo . “+oo
0:/ Zl”gbn—>0/ \U')> >0,

[e.o] [e.9]

which is a contradiction. Then ||¢,|/cc — 0.
Now, we note that
_¢Z + ¢n =¢gp In R, (311)

with
k
n(t) = ha(t) + > G Z1(t) + e 7 K (™) (po + ) VP (1) dn(1).

Since [|hn||« — 0, ¢ — 0, Z2(t) = O(e~1t=7),
}6265%—6@[{(6&)(1)0 + €)Vp°+5_1(t)¢n(t)‘

Cllnlloo Sty €= PP DI i ¢ < 7,
<9 Clignlloo iy e @Dl if £, <t <,
Cllgnllso iy e, if t > 1,
with ||¢nllec — 0 as n — +o0, and 0 < £ < 2(2 + 0), it is follows that if 0 < 77 <

min{l;po - 1a 2]70 -1 _poo}7 then

|9n ()] < On(t Ze

with #,, — 0 uniformly. Choosing C' > 0 large enough, we have that

On(t) = C 0, (t) Z et

is a super-solution of (3.11), and —¢,(t) is a sub-solution of (3.11). Therefore

k

[6n] < Ou(t) Y e M,

=1

for some 6,, — 0 uniformly. The proof is finished. [
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Proposition 3.1. There exist positive numbers €y, 8y and Ry such that if ¥ € R*
satisfies
do

Ry <1, Ry< mink(nﬂ —7) and T, < —,
i=1,..., €

then for all € € (0,e0) and all h € C(R), with ||h||. < oo, problem (3.7) admits a

unique solution ¢ = T.(h). Besides, there exists a constant C' > 0 such that
[T=(W)ll« < CllAll. and ei| < CllA][.
Proof. Let us consider the space

+o00
HE:{qbeHl(]R):/ Zip =0, izl,...,k}

endowed with the usual inner product of H! (R) that here we denote by [-,-]. Then
problem (3.7) written in sense weak with respect to H. is equivalent to find ¢ € H.
such that

+oo

mwzﬁ/ @%%%w%m+mm%W»w+/ ho, Ve H..

—00 —00

+o0

Moreover, H. is Hilbert, then from the Riesz Representation Theorem it is follows
that there exists a linear isomorphism 7. € L£(H7, H.) such that to each ¢* € H;

corresponds a unique ¢ € H, which verifies

I(¢")[W] = [¢, 9], Vv € H..

Hence, we can identify ¢ with Z.(¢*). Also, note that the operator M, : H. — H}
defined, for each ¢ € H., by the functional
+00
v MO = [ (F PR+ Y (0) o0

is compact, and the functional
~ +oo
vk = [ h

belongs to HY, and clearly depends linearly of h. Then, (3.7) can be interpreted by
way operational in H, as: find ¢ € H, such that
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The Fredholm Alternative Theorem guarantees that this problem possesses a unique

solution for any h € H. under the supposition that the homogeneous equation

¢ = M. (gb)

has by solution only to the null solution in H.. Observe now that in sense weak in

H. this last equation is equivalent to problem

(

k
L.(¢)=) ¢Z inR,
=1

+oo
/ Zip=0, Vi=12 ...k, (3.12)

o0

| lime—ro @) =0,

for certain constants ¢;. For proving that (3.12) has only by solution the null solution
in H. we argue by contradiction. Let be ¢ a non-null solution of (3.12). Without
loss of generality we can assume that ||¢||. = 1. Hence, if we put ¢ = ¢, h, =0
and we consider some sequence €, — as n — 400 and 7;*’s as in (3.8), then we have
all conditions for applying Lemma 3.1 and conclude that ||¢,||« — 0; but this is a
contradiction. Therefore, for suitable g, dp and Ry, we have that for 0 < ¢ < &g
and h € C(R), with ||h||« < oo, problem (3.7) admits only one solution in H..

Now we check that ¢ = T.(h) verifies ||¢|l. < C||h||. for some constant C' > 0.
Again, we argue by contradiction. Let be ¢ a non-null solution of (3.12). Without
loss of generality we can assume that ||¢||. = 1. If we put h = h,, and ¢ = ¢,, with
|Anlls < 77 |@n]l«, then all conditions for applying Lemma 3.1 are given and we can
conclude that ||¢, ||« — 0; which is a contradiction.

Finally, we recall that from the proof of Lemma 3.1 we have that

([t b |

Therefore, |¢;| < C||hll.. O

< C(llgll« +[rll) -

Now, we are interested in study properties of differentiability of 7T, in the variables
7;, which will be very important in future purposes. By simplicity, from now on we

will consider the Banach space

Co ={f € C(R) : |[f]l+ < o0},
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endowed of the || - ||,-norm, and the space £(C,) of the linear operators in C,. Also
we consider numbers g, g and Ry, given by Proposition 3.1, and the set

) ' 0
M. = {7- eRY:Ry<m, Ry< <m11nk(7'z'+1 —-7) and 7 < 0}’
- £

for 0 < € < gy. We define the map
Se: M. xC, — L(C))
(7, h) = ST, h) = To(h).
Proposition 3.2. For each h € C, the map 7 — S.(7,h) is of class C*. Besides,

there exist a constant C > 0 such that
| DZT(h)][« < C|R|l.
uniformly on vectors T € M..

Proof. Let us fix h € C,, and put ¢ = T.(h) for 0 < € < g3. We are interested
in study the differentiability of ¢ respect to 7;, for each j = 1,2,...,k. Putting
U= g—j;, we obtain from (3.7) that o verifies

r k
"9 — el PIUK (1) (po+e) (prlﬁ—{—i(vp(ﬂfl)qﬁ) :Zci% in R,

873 i—1 873
“+o00o +o0
| She——[ vm-o. wzj

0o aTj 0o

+o0 aZ] “+oo
[ e s

Consider now constants r; such that

+o0 k
/ (ﬁ—ZmZZ)Zl:O, Vi=1,2,... k.
- =1

[e.e]

These relations lead to

k —+00 +oo Z
r; 7,7, = — @gb, Vi=1,2... .k

oT;

i1 oo —o OTj

In other words, for each i =1, ..., k, the constants r; will be given by the following

system

k 400 k +o0 ‘oo 97

Z”/ Z;Z; =0, Vl#j, and Zn/ ZZ-ZJ»:—/ 8—J .
T

i=1 > i=1 — J

—00
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Clearly this system is almost diagonal. Hence, putting

=17 — i ri L,
i=1
it is follows that
L(¢)=f inR,
where
f(t) = B P K () (po + e)ai (VPoret) ¢ + 0% _ Ek: riLe(Z),  (3.13)
) o =
and

+00
/ Zap=0, Vi=1,2,... k.

o0

Moreover, it is easy to check that lim; .4 t(t) = 0. Also, observe that from Propo-

sition 3.1 and the definition of ¢ we have
10l < CllAll« and | < ClA]l.,

and, by definition of r;, |r;| < C||¢||+. Hence, from (3.13) we get || f||. < C|h||«, and
so f € C,. Then, again from Proposition 3.1, we conclude that ¢ = T.(f), and in

this way
k
Y= Te(f) + ZTzZz in IR,,
i=1

with ¢ verifying [|9|. < C||h]|..

Finally, note that ¥ depends continuously on 7; and h for the || - || .-norm, for each
j=12,.. k O

For later purposes, from now on it is suitable to assume that, for A > 0 fixed and

large enough, the following constraints hold

log(Ae)™! < 7,
po+1 5(4) !

log(Ar) ™! < '_rzrgin k{TZ’ —Ti1}s (3.14)

T4y

7 < klog(As)™t.

Besides, we prove two technical results related with the size of N.(¢), R. and their

derivative correspondents in the || - ||,-norm.
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1
Lemma 3.2. There exists C > 0 such that if ||¢]|« < o then
IN()]]. < C (Jlg|lrmtee2t 4 ||g|rntzro=re 2) (3.15)

and

IDsN(O), < C ([letro=t1 4 ||| rintErompee L) (3.16)

Proof. From the definition of N.(¢) in (3.5) and the Mean Value Theorem it is
follows that

N.(6) = T82(p0 + ) (po + & — 1)e e P ()1 + T2
for some ¢, € (0,1). Then, if |¢| < C|V| we get

[N()] < Ce K () [V o

( ]
OV m=2|g]2, Pl
< : k
L i=1 i=1
, ]
ViRl ¢,
<
| owpmrpgp, <,

and, if |¢| > C|V| we get
C’¢‘p07 t> 1?27

IN(¢)] <
Clo|or=, ¢ <.

Therefore (3.15) is obtained directly from estimates for | N.(¢)| above. On the other
hand,

DyN.(¢) = B*(po + £)e™e P K () (V + )=t — vrote—t)
Hence, from the Mean Value Theorem it is follows that
DyN.(¢) = 3% (po + €)(po + £ — 1)eSte P K (P |V + T [Pot=—2g,

for some t € (0,1). In similar way that in the previous case we prove that (3.16)

holds. O
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Lemma 3.3. Assume that constraints (3.14) holds. Then there exist C' > 0 and

0 <p <1 such that

|R-|l. < Ce? and ||DzR.||, < Ce”. (3.17)

Proof. From the definition of R, in (3.6), we have that

R. = ﬁQeEt (e*ﬁ"tK(eﬁt) _ Co) |/ pote + 0052 (eet _ 1) \/pote

k
+Co 3% (VPO — VP0) + Gy 5° (Vpo - Uf°>

i=1

— Rl,a(t) + R275(t) + R378(t) + R475 (t)
Note that by (2.3), after a redefining of ¢, in (2.5) if is necessary, for all ¢ > t5 one

has

1 1
(01 — —) emt < 6_BgtK(€Bt> — C() < (Cl + 2—) Gﬂfyt.

2n0 Un

k po
Pt (Z etTi|> )

Hence, for t > t,

[Ric(t)] < Cif?|etePtvmote| < C

i=1

Also we have for t < t, that

k Ppo
|Ric| < C (Z etQ_”) :
i=1
Therefore
[R1c ()]s < Ce?,
. po —pBY . L .
for p; = min , . Similarly, the derivative R, . respect to 7; satisfies
po+1 po+1
8Rl 15
’ < Cefr.
H or |, ~
On the other hand, using a Taylor expansion, respectively, it is easy to check that
OR;
|Rj(t)]« < Ce and H 22l < Ce, forj=2,3.
Ti «

Finally, using the Mean Value Theorem and analyzing R,.(t) for ¢ and for o in
suitable ranges of R, straightforward calculates lead to

OR, .
o, i

< CeP?,

*

|Rsc(t)|l« < Ce??  and H
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1+p
2
proof of this lemma is completed. [J

where py =

for 0 < g < min{py — 1,1}. Then, choosing p = min{p;, p2} the

Proposition 3.3. Assume that the constraints (3.14) hold. Then there exists C > 0
such that, for all € > 0 small enough, there exists a unique solution ¢ = ¢(T) to
problem (3.2). Moreover, the map T+ ¢(T) is of class C' for the || - ||.-norm and

satisfies

I¢ll. < Ce? and || Dzg|. < Ce”,

with p as in (3.17).

Proof. Let us consider the operator

F: A — H'(R)
¢ - Fz—:((b) =T (Ne((b) +R5)7

with 7. given by Proposition 3.1 and
A ={p € C,:|glls <re’},

for a suitable r = r(N) > 0 which will choose later. Note that if we show that F. is
a contraction, then there is a fixed point in A, for F., which is equivalent to solving
(3.2).
We have
[E- (D)l < Tz (Ne(¢) + Re) ||«

< C[IN:(¢) + Re|l.

< 51 ((Tgﬁ)min{poﬂ} + (rgﬁ)min{onfpm’Q} i gp) .

Also we note that

||F€(¢1) - Fs((bQ)H* < CHNE((bl) - Ne(¢2>H*

for ¢1, s € A,. Hence, F. is a contraction if [V, it is.

We have

@16,

IN.(¢) — N.(6) =]
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for some ¢ on the line that join ¢, with ¢,. It is follows that

IN(¢1) = Ne(2)l- < C ([If= 074 4 [|g|intEraero=bdl) gy — gy
Hence
1Fo(é1) = Fo(@)]lo < Co ((reP)mintromtlh 4 (peP)minreommo=blhy gy — 6.
Now, choosing r > (3C} + 2C5) one has
IFe(O)ll« <7e?, Vo € A,

and
| Fe(1) — Fe(ga) ||« < ||d1 — D2«

for € > 0 sufficiently small.
Concerning to the differentiability properties, let us recall that ¢ is defined by the

relation
B(7.6) = 6 — T.(N.(¢) + R.) = 0.
Hence, we see that

where M(0) = —T.(0DyN.(¢)). Now, note that if we use the fact that ¢ € A, one

prove easily from (3.16) that
1M (0)]]. < Ce?||0]]...

This implies that for ¢ small, the linear operator DyB(7,¢) is invertible in the
space of the continuous functions in R with bounded || - |[s-norm, with uniformly
bounded inverse depending continuously on its parameters. Then, applying the

Implicit Function Theorem we obtain that ¢(7) is a C''-function into C,, with
— _1 —
Ds6 = —(D,B(7.0)) " (D+B(7.0)).

Since

DzB(7,¢) = =D#(N:(¢) + R.) — T.(DzN:(¢) + DzR.),
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where all these expressions depend continuously on their parameters, it is follows
that

D70l < CINe(9) + Bell+ + [ DzN(0)]+ + [ DzEell.),

and using the first part of this proposition, the estimates in the previous lemmas,

Proposition 3.1 and the constraints (3.14), we conclude that
|Ds6l. < C=7. T

4. THE REDUCED FUNCTIONAL AND THE PROOF OF THE THEOREM 1.1

Here we consider the constraints (3.14) and the function ¢ = ¢(7) given by Propo-
sition 3.3. According to the previous sections, let us note that ¢; = 0 in (3.2), for
all 1 =1,2,3,... k, is equivalent to say that v =V + ¢(7) is a solution of problem
(2.1), and therefore

u(r) = r¥v(lnr_NT), r € (0,+00),

will be a solution of problem (1.1). A first result appearing to prove that problem
(3.2) has solution, consists in proving that this problem is equivalent to a variational

problem. For this, it is convenient to consider
I(7) = E(V + ¢(7)).

Lemma 4.1. The function v =V + ¢(T) is a solution of (2.1) if and only if T is a

critical point of I..

Proof. First we assume that v =V 4 ¢(7) solves (2.1). Then directly one obtain

oV + ¢(F))]

=0, Ve=1,2,3,... k.
07—2' ’ G ) Sy <y )

DE.(V + 6(7) [

In other words

1., _
gn(T) =0, Vi=1,2,3,... k.

so that 7 is a critical point of I..
On the other hand, if 7 is a critical point of I, then

OV +¢(7))

DEV +0(7) |

} =0, Vj=1,2,3,....k
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or equivalently, from (3.2),
k
> a(ZiZi+0(1)) =0, Vj=1,23,. ..k
=1
OV + ¢(7))

8 Tj

Now, noticing that the last system on ¢;’s is almost diagonal, one can conclude that

where o(1) — 0 uniformly in the || - ||,-norm, because = Z; + o(1).

¢;=0foralli=1,23,...,k. Therefore v =V + ¢(T) solves (2.1). O
The next step is to validate an expansion for I. which will be crucial to find its

critical points.

Proposition 4.1. Under the assumptions of Lemma 3.1, and considering V' as in

N
(2.6), & = &(T) given by Proposition 3.3 and
holds

< 7, the following expansion

I.(T) = E-(V) + o(e)
where o(g) is uniformly of this size in the C'-sense on the vectors T satisfying (3.14),

for given A.
Proof. We note that

Ie (7?> - E8<V) = Es(v + ¢) - Es(v)

1 “+oo 9 1 +00 ) 1 “+oo )
E.(v) = 5/ (V)" + 5/ V7 — —/ e P K (eﬂs) pPotite

s po+1+e
It is easy to check from the Fundamental Theorem of Calculus and one integrating

by parts that
1
I.(7)— E.(V) = —/ tD*E.(V +t¢) [¢] [#] dt.
0
Now, note that after a Taylor expansion and integrating by parts, one has for each

¢ € H. that

“+o00

DE.(V +19) [¢] = / (—VN +V +t (—qb” +¢) — eSSe=Pos ¢ (6[38) (V + t¢)po+s) o,
and since
k
—(V+0) +(V+9¢) = FPefe ™K (M) (V+ )" =) aZ iR

=1
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and

+o00
/ Ziv=0, Vi=1,2,3, ..k

oo

it is follows that

D*E(V +19) ¢, ¢]
=(t-1) ( /_ (N (¢) + Re) ¢> + /_ (e K (%) (V + @)™ — (V + t¢)™™%)) ¢,

Also, as % <p<1and

/Olta— 1) (/:O <NE<¢>+RE>¢) dt‘
< 2N (8) + Rl 191, / :o (i e“‘”‘“””) dt

< C(IN: (D). + 1R ol
< Ce?

/Olt(t—l) (/:O(NEWHREW) dt =o0(c).

On the other hand, after a Taylor expansion, we get

/Olt </_+°° (e P75 K (€7%) ((V + @)= — (V + tg)Pote)) ¢> &t

[e.9]

1 0
_ (5“‘]30)/0 t(l _ t) (/+ eSS~ Pos ¢ (eﬂs) Va+p0—1¢2) dt

—00

we have that

and given that % <p<1and

t ¢
/ ' eSSePos | (eﬁs) V6+po—1¢2 < Cle~(Pot+1)mi ||¢||2/ ' e(Po—poo)s o (Po—1)s 25 _ () (51+25)

— 00
to

/ essefﬁasK (eﬁs) Vs+p071¢2

t1

t
< Cem ot g2 / i e Bosc(Po—1)s 25 _ () (£1+27)
t

+0o0 !
< ¢4l / it — 0 (27),
to

+00
/ esse—ﬁasK (e,@s) V€+p0—1¢2

to

it is follows that

‘— /0 y ( /_+°° (=577 K (%) (V + ¢)Pte — (V + tp)te)) ¢> dt‘ <o),

[ee]

Therefore
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For the differentiability only note that

o (I (7) —
_ / t—l(/ )+R)q§)>dt
— (e +po ( e P K (e7) 88 (Vetpo- 1¢2)> dt + o(e)
Ti
and that
0 25
o, + AN @)1, + [1Rel) || 59| = O (7)
|| =0 (%)
Therefore
0 -
o (I (7) = Ee(V)) =o(e). O
Proof of the Theorem 1.1. Consider the change of variable
n o= leoga—log)\l
Ti1—T; = —loge—logl\; Vi=2,3,...,k

where the \;’s are positive parameters. Hence, it is sufficient to find critical points
of
®(N) = e 'L(F(N)).

From the previous lemma and the expansion given by Lemma 3.1, we obtain
Vb (X) = VI,(X) +0(1)

where 0 (1) — 0 uniformly on the vectors X satisfying M~! < \; < M for any M
fixed large sufficiently large. As we pointed in Remark 1, \I!k(X) has an only one
critical point X* which is nondegenerate. It is follows from local theory degree that
deg (V®.,U,0) it is well defined and is nonzero, where U denotes an arbitrarily small

neighborhood of X* Then, for € > 0 small enough we have
deg (I.,U,0) # 0.

We conclude that exists a critical point X of ®, such that

—

X=X 4o0(1).
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Hence, for 7 =7 (X:) we get

v (t) = Z Ut—17)+¢(r]) = Z U(t—17)(1+0(1))

i=1 i=1
is a solution of (2.1), and then we get

2

1

k
u (:L‘) =&, Zg—(z—l)ﬁ-ﬁa: (1 + (Oé;k)po—l 8-((1—1)_1)0%)(?0—1) |£Ij"2+a) Po (1 +o (1))
=1

is a solution of (1.1), where af = [] ()\;)_1 and
j=1

)—\»* B koz;, ﬁ (k‘ — 1)@5 (k — 2)045 2065 (673
B (e %) (6] 65} ’ (8%

Y P , , e .0
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