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ABSTRACT. In this paper we consider the elliptic boundary blow-up problems
Aut g(IVul) = f(u) in €,
{ u = 00 on 012,

where €2 is a smooth bounded domain and the functions f and g are increasing and
continuous. Our main concern will be to prove both existence and nonexistence of
nonnegative solutions, depending on new integral conditions of Keller-Osserman type
involving f and g. We show in particular that the problem with a minus sign may have
solutions inclusive for some functions g with slightly superquadratic growth at infinity
that is somehow not expected. We also obtain uniqueness of nonnegative solutions in
some cases.

1. INTRODUCTION

The main objective of this paper is to analyze the existence and nonexistence of non-
negative solutions to the problems

(Py) { Au+g(|Vul) = f(u) inQ,

U = 00 on 052,
where € is a C? bounded domain of RY and the functions f, g are continuous and in-
creasing, with f(0) = g(0) = 0. By a solution to (Py) we mean a function u € C_(2)
which verifies the equation in the weak sense and u(z) — oo as d(x) := dist(z, Q) — 0.

The model problem without the gradient terms, namely

(1.1) { Au = f(u) in €,

U = 00 on 0f),

has generated a good deal of research. The important case f(u) = e" was analyzed in
the early works of Bieberbach [9] when N = 2 and Rademacher [49] for N = 3, and
later reconsidered in [36]. The other significant example f(u) = uP, p > 1, was dealt
with in [47], [41] and [32] (also in [17] when the Laplacian is replaced by the p-Laplacian
A,). These cases have been also studied when the underlying domain €2 is not necessarily
smooth: see [44], [45] and [18].

As for general increasing nonlinearities f(u), it has been known since the pioneering
works of Keller [31] and Osserman [46] that problem (1.1) admits a solution if and only if
the nowadays called Keller-Osserman condition holds, i. e.

*  ds
(12) /1 F(s) <o

where F(s) = [ f(t)dt (see also [20] when f is not increasing). Later, other important

questions concerning boundary behavior of solutions and uniqueness or multiplicity, have

been considered in many works. We quote for instance [5], [37] and [25] for uniqueness for

general nonlinearities and [1], [2] for multiplicity results. See also [7], [8], [37], [15] and [3],
1
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where more precise information on the asymptotic behavior of the solutions is obtained.
A great amount of works have been also interested in the appearance of weights in the
equation, both vanishing on 9 ([19], [26], [13], [14], [12], [42], [43], [24]) or singular at O
([10], [11], [23]). More references can be found in the survey [50].

With regard to boundary blow-up problems containing gradient terms, Lasry and Lions
[35] considered the following:

{ Au— |[VulP = u+h in Q,

(1.3) U= 00 on 99,

where p > 1, A > 0 and h is smooth in € (it appears in stochastic control problems with
state constraints). Assuming h has a prescribed growth near 02, it was shown in [35]
that there exists a unique solution to (1.3) when 1 < p < 2. Further developments of this
and related problems have been made in [48], [38], [39]. In particular, in this paper we
can extend the results in [35] when we consider = 0 and we replace the term |Vu[P by
g(IVu|) = |Vul?log(|]Vu| + 1) which is slightly superquadratic. We believe that this can
be extended to cover the case of nontrivial h.

Another type of problems including gradient terms in the equation was proposed by
Bandle and Giarrusso in [4]. They considered

{ Au £ |Vul? = f(u) in Q,

U= 00 on 0f2,

(1.4)

for ¢ > 0 and general differentiable functions f, paying special attention to the two “classi-
cal” nonlinearities f(u) = v, p > 1 and f(u) = €. Some existence results were obtained,
together with boundary behavior of positive solutions in most cases. This problem was
later analyzed again in [28] and [29] (see also some extensions to problems containing
weights in [27], [34], [52], [53] and [54]).

However, at the best of our knowledge, no results are available for the general problems
(Py) aside the case g(t) = t?, ¢ > 0. Thus in the present paper, and under quite general
assumptions on f and g, we will obtain conditions to ensure existence or nonexistence of
nonnegative solutions. Let us mention that our conditions are not sharp, due to the fact
that the one dimensional version of (Py) is not integrable, but nevertheless they are in
the case of power nonlinearities f(t) = t*, g(t) = t4, p,q > 0.

We would like to stress that for problem (1.4) with the minus sign, the results in [4] show
that the exponent ¢ = 2 is critical in some sense, since no solutions are expected to exist
when ¢ > 2 (although this fact is not proved there for smooth bounded domains). Among
other things, we show that for problem (P_) it is possible to have solutions for nonlin-
earities which grow faster than quadratically, the essential feature being an integrability
condition on s/g(s) at infinity.

In our results about existence we need to obtain interior bounds for the gradient of
solutions. In order to find these bounds we will assume one of the following two conditions
on g:

(a) There exists 9 > 0 such that g is differentiable for ¢ > t( and

Q

/
¢
®) <Ct™, t>t

()2~

Ne}

for some v > 2, or

b) There exists a positive constant C such that |g(t)| < Ct2, for large t.
g g
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Note that condition (a) is verified by the case g(s) = s?log(s + 1) while (b) is the
standard condition to get this kind of interior bounds.

Before proceeding to state our principal results below, it is important to stress that in
all of them we will assume the following general hypotheses on f and g:

f and ¢ are continuous increasing functions

(fo = 90) such that f(0) = g(0) = 0.

A word of caution: we are always concerned with nonnegative solutions, but since f and
g are only continuous, the strict positivity of the solutions cannot be guaranteed, that is,
the strong maximum principle is not always valid (cf. [22] and [21] for its validity in this
context). In our present situation the solutions could have a “dead core” in the interior
of the domain, but this is not essential when dealing with existence and uniqueness.

We start considering problem (P4 ), and introduce

2s
(1.5) I'(s) = / g(t)dt + 2Ns>.
0
Then we have the following existence/nonexistence result.

Theorem 1. Let f and g be functions satisfying (fo — go). Then:
(i) If f does not verify the Keller-Osserman condition (1.2) or if

o ds
(1.6) /1 m = 00,

then problem (Py) does not admit nonnegative solutions.
(ii) If g verifies one of the conditions (a) or (b) above and

& ds
(1.7) /1 W < 00,

where I' is given by (1.5), then there exists at least a nonnegative weak solution u to (Py),
which in addition verifies u € CL*(Q) for every a € (0,1).

loc
Let us now turn to problem (P_). We have already mentioned that the power ¢ = 2 is
critical among power-like nonlinearities regarding existence. In the general setting, we will
prove that the “criticality” of g for existence of solutions with large boundary condition
depends on the divergence of the integral floo ﬁds, that is

(1.8) /1 @ds = 00.

Theorem 2. Let f and g be functions satisfying (fo — go), and assume that g verifies
condition (1.8). Then:
(i) 1f

o0 ds
(1.9) / OET Ol

then problem (P-) does not have nonnegative solutions.
(ii) If f verifies the Keller-Osserman condition (1.2) or f verifies limy_, f(t) = 0o and
g verifies one of the conditions (a) or (b) above and is such that

< g
(1.10) / < x
1

q(s)
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then problem (P-) admits at least a nonnegative weak solution u, which verifies u €
CH(Q) for every a € (0,1).

loc

Remark 1. Some relations between the different conditions appeared above are expected
to hold. For instance, it is easy to check that (1.9) implies (1.8), while (1.8) is also implied
by (b). On the other hand, (a) with the additional condition lim; .. g(t) = oo gives
(1.10).

Our proofs of existence and nonexistence for nonnegative solutions to (Py) rely in
comparison with solutions to the same problems in balls of RY. Thus it is important to
analyze the radial version of those problems, which is in turn close to the one-dimensional
version. Since these equations are not integrable, our method inspired in [21] will be to
compare them with some integrable ones and this leads to the previous integral conditions
of Keller-Osserman type involving f and g.

In this work we also are able to prove that condition (1.8) is sharp in the sense that
non existence holds not only for (P_) but also for the problem

(.11) { Au— g(|IVul) = f(u) in Q.

U=n on 012,

when n is large enough, provided that the integral in (1.8) converges, see Theorem 6 in
Section 5.

Also we find some uniqueness results for nonnegative solutions to (P ) and (P-) under
some extra assumptions on f and g, which are used to obtain the precise asymptotic
behavior of all solutions near the boundary, and are essentially the usual hypotheses in
the literature when g = 0 (cf. for instance [7]). See Theorems 8 and 9, respectively, in
Section 6. All our results are illustrated by means of examples. Moreover, we complete
the study in [4] of the particular choice f(s) = s? and g(s) = s?, proving uniqueness when
one has existence and finding a new range for the exponent p and ¢ where non existence
holds, see Corollary 13 in Section 7.

The rest of the paper is organized as follows: in Section 2 we deal with some preliminary
properties of radial solutions to the Cauchy problems related to (Px). Section 3 is devoted
to obtain existence of solutions to the finite boundary value problems associated to (Py)
while in Section 4 the existence and nonexistence results are considered. In Section 5 we
show that condition (1.8) is necessary for existence in problems (P_) and (1.11). The
uniqueness issue is undertaken in Section 6 while in Section 7 some illustrative examples
are analyzed. Finally we include an Appendix where we prove some interior gradient
bounds for solutions to (Py).

2. PROPERTIES OF RADIAL SOLUTIONS

In this section we are going to prove some preliminary properties of solutions to the
Cauchy problem
N -1
mo YT /
u(0) = up, u'(0) =0,

where f and g are functions satisfying (fo — go), and uy > 0. By continuity, it is well
known that there exists at least a solution to (2.1). We are interested only in nonnegative
solutions.

Our main result in this section is the following:
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Proposition 3. Let u be a nonnegative solution to (2.1). If ug > 0 then u'(r) > 0,
u'(r) >0 forr > 0. Ifuy = 0, then there exists ro > 0 such that u = 0 in [0,r¢],
u'(r) >0, u"(r) >0 for r > ro. In particular, u and v’ are increasing functions and for
every R > 0 such that u is defined in (0, R),

(2.2) u(r) <wug+ Ru'(r), re(0,R).

Remark 2. Note that if f and g are locally Lipschitz functions, then ro = 0.

Proof. Assume first ug > 0. From the equation we obtain u”(0) = + f(ug) > 0, so that
u”’(r) > 0 if r > 0, r close enough to zero. This implies u/(r) > 0 for r > 0 close enough

to zero. Assume there exists r; > 0 with «/(r) > 0 if » € (0,71) and u/(r1) = 0. Then we
would have u”(r1) < 0 and the equation would give

u"(r1) = f(u(r1)) >0,
a contradiction. Hence u/(r) > 0 for r > 0.
Suppose next ug = 0. Define

ro = sup{7: u(r) =0 in [0,7]},

and let us prove that u/(r) > 0 when r > ro. Notice first that there exists a sequence
rn | ro such that u/(r,) > 0. If not, we would have v’ < 0 in [rg,ro + €| for some € > 0
and this leads to w = 0 in [rg, 7o + €], contradicting the definition of rg.

We may assume u(ry,) > 0, since in the case u(r,) = 0 we could take 7, > r,, close
to rp, with u(7,) > 0. Now a similar reasoning as before shows that «/(r) > 0 if r > r,.
Hence /(1) > 0 for r > rg.

Let us now deal with the sign of u”. We need different proofs for problem (2.1) with a
plus or with a minus sign. Let us begin with the minus sign:

w4+ ?u/ = f(u) — g(u).

Assume u”(r2) < 0 for some r9 > 0. Let
Fo = inf{F : " (r) < 0in (7,72)}.

Since u”(0) > 0, we have u”(79) = 0. Moreover, u”(r) < 0 for r > 7o, r close to 7y. This
implies that v is decreasing for r» > 7, r close to 7y. Since wu is increasing, we have that

u = flu)— N1

is increasing. But then u”(7y) = 0 implies that v’ > 0 if » > 7, r close to 7o, a
contradiction. Thus u” > 0.
Next, let us deal with the plus sign:
N -1
u’ + TU, = f(u) + g(u').

There exists r3 > 0 such that v”(r3) > 0. If not, we would always have u” < 0 and since
u/'(0) = 0, we arrive at v/ < 0, which is impossible. Let us see that u”(r) > 0 if r > r3.
Indeed, if there exists 74 > r3 such that u”(r4) = 0, we have for small h > 0:

N- 1u/(7’4) = f(u(ra)) + g(u'(ra))

u' — g(u)

and N1
u'(ry —h) + ——

- hul(m —h) = f(u(ra —h)) + g(u(r4 — b)),
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so that subtracting and dividing by —h:
u’(ry —h) —u’(rg) N N —1 /(4 (ry—h) B u'(ry)
—h —h rq4 — h T4
f(ulra —h)) = f(u(ra)) | g(w'(ra —n)) = g(u'(r4))
+ .
—h —h
Taking into account that u is increasing and v’ decreasing for r € (r3,74), we arrive at
/ - /
1 u'(ry — h) _u(m) >0,
—h rqg —h T4 -
and letting h — 0, this leads to

u'(ry)
ri
which is impossible. Hence u” > 0 if r > 7 in this case as well.

Now take r¢ so that w =0 in [0,7¢] and u > 0 for r > r¢ (of course o = 0 is possible).
There exists r,, | ro such that u”(r,) > 0, since on the contrary we would have v’ < 0 in
[ro, 70 + €] for some small ¢ and this implies «' < 0 and u = 0 in [rg, ro + €], which is not
possible. By the previous proof, u”(r) > 0 if r > r,, and hence u”(r) > 0 for r > ry. Thus
u’(r) > 0if r > 0.

Finally, since u” > 0, we have that u’ is nondecreasing. Thus, for r € (0, R):

>0,

u(r) = ug +/ u'(s)ds < up + Ru/(r).
0
This concludes the proof. O

3. EXISTENCE OF SOLUTIONS WITH FINITE DATUM

In this section we assume that f and g are functions satisfying (fo — go). Here we will
prove that, under suitable conditions on the growth of g, there always exists a solution to
the problems with finite datum

(PL) { Au+g(|Vul) = f(u) inQ,

u=n on 0f2,
where n € N. We warn the reader that g may have a superquadratic growth in the
gradient, thus to ensure existence of solutions we will truncate the nonlinearity, and then
look for right bounds for the gradient, in the spirit of [40] (see also [4]).
Since in what follows it will be easier to work with |Vu|? instead of |Vu|, we denote
G(t) = g(\/t) for t > 0. Now choose M > 0 and let gj; be an increasing, bounded function
such that gas(t) = g(t) for ¢t € [0, M]. Consider the truncated problems

2) = in
(3.1) { iu:ingM(’vu‘ )_f(u) On%b.

Since u = 0 is a subsolution to (3.1) while @ = n is a supersolution, the result in [16]
ensures the existence of a weak solution u € H 1(Q) which verifies 0 < v < n, and then
0 < f(u) < f(n). In particular, u € L= (), and by standard regularity theory u € C1*(Q)
(Corollary 8.35 in [30]). According to the comparison principle (see for instance Lemma
2.1 (ii) in [22]), this solution is unique.

In order to prove that the solution u to (3.1) so obtained solves (PZ), we need to show
that a suitable value of M can be selected. This will be accomplished by means of uniform
bounds for the gradient. Indeed, if we consider f (t) = f(t) if t € [0,n] and f (t) = f(n) if
t > n, it suffices with obtaining bounds only on 052, as the following lemma shows.
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Lemma 4. Let u be the solution to (3.1). Then

|Vu| < sup |Vul.
o0

Proof. The proof relies on an application of the maximum principle to an equation satisfied
by |Vu|?. But we first regularize the problem: let {f,}2°, {gr}>, € C*°(R) such that
fr and g are increasing for all k and f, — f , g — g uniformly on compact sets of R.
We may moreover assume that the functions fi, gr are uniformly bounded. Consider the
problems

3 = in
(3.2) { Bu gy (Ve = filw) i

Arguing as before, there exists a unique solution uy, € C1(Q) to (3.2). Indeed, it follows
by classical regularity that u € C%(Q) N C*°(£2). Let vy = |Vug|?. A calculation shows
that

N N
Avp =2 (Our)” +2>  OiupA(Dyu).

ij=1 i=1
On the other hand, differentiating in (3.2) with respect to x;, we obtain
A(Oyur) £ g (|Vug|®)divr = fr(ug)dsug,
so that

N
Avy, 29]:;(Uk)V’LLkVUk =2 Z (&juk)Q + 2f’k(uk)vk >0 in Q.
i =1

Thanks to the maximum principle, we have vy < supyq v, that is,

(3.3) |Vug|* < sup |Vug|?
oN

Our next purpose is passing to the limit in. (3.3). Since fg, gr are uniformly bounded, we
obtain that Awy is uniformly bounded in 2, and thanks to Theorem 8.33 in [30],

|Uk|c1,a(§) <C

for some positive constant C', not depending on k, and some fixed o € (0,1). Passing to a
subsequence, we have uy — ug in C1(), and therefore ug is a weak solution to (3.1). By
uniqueness, ug = u, and in particular uy — u in C1(Q). We may pass to the limit in (3.3)
to get the lemma proved. O

To obtain bounds for the gradient of u we need thus to estimate it on 02. We will
achieve this by constructing a suitable subsolution. Notice that, thanks to the regularity
of €, it verifies a uniform exterior sphere condition, and hence there exists R; > 0 such
that, for every zg € 9 we can find 2o ¢ Q with B(zo, R1) N 9Q = {xg}. For Ry > Ry let
A be the annulus {x € RV : Ry < |z — 2| < Ra}.

Set D = AN and denote I'y = {z € RY : |z —29| = R1}, T2 = {# € RY : |z — 2| = Ra}.
Assume that the problem

Av£g(|Vo]) = f(v) in A,

(3.4) v=n on I'y,
v=20 on I'g,
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admits a radial subsolution v € C*(A4) and choose M > sup Ri<r<Ry V' (r)2. In that case,
g(IVv]) = gm(|Vo]?), and since v < u on dD, we have by comparison v < u in D.
Moreover, v(zg) = n = u(xg), so that

ou ov
— < — .
8u(x0) — v (z0)
Now notice that © = n on 99 implies, by Hopf’s principle, that %(mo) > 0, and thus 99

is a level set for u. This entails that v is parallel to Vu and hence |Vu(zg)| = g—f}‘(mo). It
follows that

|V (z0)|* < v'(Ry)? < M.

In conclusion, u is a solution to (P}), as we wanted to see.

Thus the important point in the proof of existence of nonnegative solutions to (P) is
the obtention of a radial subsolution to (3.4), that is, a function v € C1([Ry, Ra]) verifying

N -1

v + v £ g(]v]) > f(v) in Ry <7< Ry,
(3.5)* v(Ry1) =mn,
v(R2) =0,

in the weak sense. For this aim, the cases with a plus sign and with a minus sign in
(3.5)T have to be analyzed separately. It turns out that the problem with the -+ sign is
substantially simpler, since no further growth conditions on f nor g need to be imposed.
On the other hand, the obtention of a subsolution for problem (3.5) with a minus sign is
much more involved, and it strongly depends on the function g. In this case, we need to
assume condition (1.8) since we will show in Section 5 that it is necessary for existence of
solutions either to (P-) or to (P") when n is large enough.

Proposition 5. Let f,g be functions satisfying (fo — go). Then
i) (P}) admits a unique nonnegative weak solution u, € CH*(Q) for every n € N.
it) If (1.8) holds, (P™) admits a unique nonnegative weak solution uy, for everyn € N.
Moreover, in both cases one has that 0 < u, < n in Q and u, € CH*(Q) for every

ae (0,1).

Proof. We start proving i). To obtain a subsolution to (3.5), it suffices with choosing
the unique nonnegative solution to

Av = f(v) in A,
v=mn on I'q,
v=20 on I'y,

which is easily constructed by means of the method of sub and supersolutions, by taking
v =0, 7 = n. Thus the existence of a solution to (P}) is obtained thanks to the previous
discussion.

Now we prove ii). As before, it suffices with constructing a radial function verifying
(3.5)7. Thus we need a function v € C'([Ry, Ry]) verifying

(P ) = N () + g(V]))
(3.6) v(Ry) =n,
v(Ry) = 0.
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With the change of variables
5= 1

and letting w(s) = v(r), the inequality (3.6) gets transformed into:

w2 1) (1) +9 (=) )

(3.7)

w(a) = n,
w(b) =0,
where a = log Ry, b = log Ry if N = 2, while a = —ﬁﬁ, b = —ﬁﬁ when

N > 3. The function h(s) = r>™ =1 and ’ stands now for differentiation with respect to
s. To obtain (3.7), it is enough to have

w' > BNV () + g (BT w))).
w(a) =n,
w(b) = 0.
Our intention is keeping R; fixed (recall that it comes from the uniform exterior sphere

condition) and treating Ry as a parameter. Thus if Ry < R, we are looking for a solution
to

W' = R2N-1) (f(w) +g <R17(N71)|w/|>) ’
(3.8) w(a) =mn,
w(b) = 0.

It is easily seen that solutions to (3.8) are decreasing. If we set z(s) = w(b — s), then we
look for an increasing function z which solves

S — R2N-1) (f(z) 1yg (Rl_(N_l) Z’)) 7
2(0) =0,
z(b—a)=n.

It is therefore natural to analyze the initial value problem

2= R*N-Y (f(z) +yg (Rf(Nfl) z’)) :
(3.9) 2(0) =0,
2'(0) = 2o,

for zp > 0 and see if it is possible to choose zp so that z(b—a) = n. Since b— a is expected
to be small and n large enough, we should have in mind that zy is going to be chosen
rather large.

For zp > 0, problem (3.9) admits a minimal solution, which is defined in an interval
[0,7) with T' < co. Moreover, when T < oo we have z(s) — oo or 2/(s) — o0 as s — T—.
Notice that solutions are increasing and convex. They are also increasing with zj.

We claim that condition (1.8) implies that z(s) — oo as s — T (that is, the solution
can not cease to exist because of the blow-up of the derivative). If this were not the case,
we would have z(s) — z as s — T for a certain finite z and 2'(s) — oo as s — T'. Let us
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rule out this possibility. If we multiply the equation by 2/, taking into account that z is
bounded we have
le// < Z/
A+Bg(RyN V) T
for some positive constants A and B. Integrating in [0, s) for s close to T" and then letting
s — T, we obtain, with a change of variables in the integral:

/OO ;dT < R_(N_I)E

R;(N71>z0 A+ Bg(T) -1 ’

which contradicts condition (1.8). Hence, we have shown that 7" < oo implies z(s) — oo
(and thus also 2/(s) — o) as s — T.

Denote by T'(zp) the maximal interval of existence of the minimal solution to (3.9).
Two options may occur: either T'(zy) = oo for every zg > 0, that is, the minimal solution
is always global, or there exists z; > 0 such that T'(z1) < oo. In the first case, choosing
d > 0 small enough, and since z(s) > zps by convexity, we have z(d) > z9d > n, provided
2o is large enough. Hence there exists sy € (0,0) such that z(sg) = n. We may now choose
Ry such that b — a = sg, and the existence of a function verifying (3.5) is shown in this
case.

In the remaining case T'(z1) < oo for some z; > 0, we have, since solutions are increasing
with zg, that T'(z9) < oo for every zy > 2. In particular, for every zy > z; there exists
s0 € (0,T(zp)) such that z(sg) = n. Since z(sg) > zpsp, we also have sy — 0 as zyp — oc.
We choose as before a large value of zg and then Rs so that b — a = sg, and in this way
we have constructed the desired subsolution. This concludes the proof. O

4. EXISTENCE AND NONEXISTENCE OF SOLUTIONS TO (P1)

This section is dedicated to prove Theorems 1 and 2, that is, existence and nonexistence
results for problems (Py). Let us first comment on the method of proof. To show the
existence of a solution to either problem, we consider the solutions u,, to the finite problems
(P}) furnished by Proposition 5. If B C Q is an arbitrary ball, then we obtain by the
comparison principle in Lemma 2.1 (ii) of [22] that u, < u, g, where u, p is the unique
solution to (PY) in the ball B. Assume we prove
(4.1) sup up gp(r) < oo x € B.

neN

This would imply that u,, is locally uniformly bounded in €2, and since the sequence u,,
is increasing we have u,, — u := sup,,cy U, point-wise in €. Thanks to Theorem A.1 in
the Appendix, we would have that |Vu,| is locally uniformly bounded. Then we would
obtain that Aw, = h,, for a function h, which is locally uniformly bounded. Using
classical regularity (for instance (4.45) in [30]), we obtain bounds for w, in C'IIOS(Q) for
every « € (0,1). It is then standard to conclude by means of a diagonal procedure that,
passing to a subsequence, u, — w in CL_(9). Then u is a weak solution to (Py), and
by standard regularity u € C’llof‘(ﬂ) for every a € (0,1). We remark that in the previous
reasoning the radius of the ball B can be taken as small as desired.

As for the nonexistence issue, let B be a large ball containing €2 and denote again by
up, B the solution to (P}) in B. If either problem (Py) or (P-) had a solution, we would
obtain by comparison that u > u, . We would arrive at a contradiction if we prove that

(4.2) Up,g — 00 uniformly in B.

Thus it is clear that only the radial case needs to be dealt with.
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With these ideas in mind, we proceed to prove Theorems 1 and 2.

Proof of Theorem 1. We need only prove (4.1) or (4.2). For notational simplicity we will
drop the subindex B and denote the solution to (PZ) in the ball B by u,. Notice that u,
has to be radially symmetric, and thus it verifies

o+ S L = ) - (i),
(4.3) W' (0) =0,
u(R) =mn,

where ’ stands for derivative with respect to r = |z|. Denote by ugn = u,(0) = min u,,.

Let us prove part (i), that is, nonexistence of solutions for (P;). Assume first f does
not verify the Keller-Osserman condition (1.2). Since, according to Proposition 3, v’ > 0
we have from (4.3) that «” < f(u), so that multiplying by «’ and integrating in (0, R) we
arrive at v’ < y/2F(u), where F is the primitive of f vanishing at zero. Thus

/ " ds
——— <R
uo,n 'V 2F(8)
Letting n — oo we obtain that ug, — oo since f does not verify (1.2). Thus (4.2) holds
and this shows nonexistence.

Next, suppose condition (1.6) holds. Thanks to Proposition 3, we have u/,u” > 0, so
that (4.3) implies f(u) > g(u’). Hence
/
Y <

g (flw) =

n ds
/uo,n 971 (f(9)) =4

Letting n — oo and using condition (1.7) we deduce again that g, — oo, and hence no
nonnegative solutions to (P;) exist.

and integrating in (0, R):

Let us prove now the existence result in part (ii). We first show that condition (1.7)
allows us to construct a radial supersolution in a ball B which blows up on 9B, provided
that the radius R of the ball is small enough. We will assume for the moment that R < 1/2,
and will search for a supersolution in the form

a(r) = g(R* —r?),
where ¢(0) = oo. It is not hard to show that @ will be a supersolution if
4r'¢" — 2N+ g(2r|¢/]) < f(0),
2

where / stands for differentiation with respect to t = R? — r2. Assume for the moment
that ¢’ <0, ¢” > 0. Then it suffices to have

(4.4) ¢" —2N¢' +g(—¢') < f(9).

Let us now choose the function ¢. Thanks to condition (1.7), the problem

(4.5) { r(l¢']) = %F(qﬁ) t>0,
¢(0) = oo,
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admits a unique solution. It is more or less standard tho check that ¢/ < 0 (and moreover
o(t), ¢'(t) — 0 as t — o0). Notice that the convergence of the integral in (1.7) implies

I (3F(s))

. — 00 (s — 00),
and hence )]
P'(t
o) " 0

In particular, there exists ¢ > 0 such that ¢(t) < |¢'(¢)] if 0 < ¢t < e. Restrict R further to
have R? < ¢, so that t = R? — r? < e. Let us see that ¢ verifies the required properties.
Taking derivative in (4.5) we have

_¢/
29(—2¢/) + 4N(=¢')

1
o = 10
We deduce then that ¢” > 0 and

(4.6) 9" < % f(9).

On the other hand, we have by the monotonicity of f and g:

F@=Af@@sﬂm

and 2t 2t
F(t)—/ g(s)ds+2Nt22/ g(s)ds + 2Nt? > tg(t) + 2Nt>.
0 t
Then
/ / F(_¢I) _ 1F<¢) 1 f(¢)¢ 1
(4.7) 9(=¢') —2N¢' < R S <3 —y < 5 f(9)-

Adding (4.6) and (4.7) we obtain (4.4).

To summarize, we have constructed a supersolution @ to (4.3) in B, with @ = oo on 9B,
with the only restriction that R is small enough. It follows by comparison that u, p < @
in B, and hence (4.1) follows, provided only that R is sufficiently small. Thus existence
of a nonnegative solution to (P;) is proved in this case. O

Proof of Theorem 2. To show part (i), we prove (4.2). Recall that, the solution u, p to
(P) verifies the Cauchy problem

o+ XL = ) + (),
(4.8) W/ (0) = 0,
u(0) = ug n,

and thanks to Proposition 3, it verifies «'(r) > 0, u(r) < up + Ru/(r). Hence if we assume
that R > 1, we also have u” < f(u) + g(v') < f(uon + Ru') + g(v') < f(uon + Ru') +
g(ugn + Ru'). Tt follows after an integration in (0, R) that

u'(R) ds
/
0 f(uon + Rs) + g(ugy + Rs)
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Let us set ug,, + Rs = 7; since the solution to (P}) verifies n = u(R) < ug,, + Ru/(R), we
arrive at
" dr
L — |
uo £(7) +9(7)

We mention in passing that ug, = 0 is only possible when the integral converges at zero,
so no problem arises in this case (cf. a related situation in Theorem 1.2 in [21]). The
divergence of the integral implies ug, — 0o as n — oo, and (4.2) gets proved. Thus no
solutions exist under condition (1.9).

To show the existence result in part (ii), we argue as in Theorem 1 and prove (4.1).
Notice that, if f verifies the Keller-Osserman condition (1.2), and since u, p satisfies
Au > f(u) in B, we obtain by comparison that u, p < U, where U is the minimal
solution to AU = f(U) in B, with U = oo on 0B. Thus (4.1) is immediate in this case.

So assume lim; o f(t) = oo and ¢ verifies condition (1.10). Since the equation in
(4.8) can be written as (r™ ') = 1V (f(u) + g(u)), we can integrate in (0,7) for an
arbitrary r and use that u and ' are increasing (Proposition 3) to obtain

W) = i [V (7s) + (w9 ds

< (1) + 9(' ().

Taking this inequality to (4.8) we obtain that

(49) W' > () + 9(u)) = 1 (F o) + o).

When wg,, > 0, it follows by integrating in (0, R) and performing the standard change of
variables s = u/(r) in the integral that

1 v/ (R) 1 0 1

If we had ug, — oo the last integral in (4.10) would tend to zero and we would reach a
contradiction. To see this, take an arbitrary € > 0, and let M > 0 be such that

/Moogc(iz) =€

L oo /M ds N /OO ds _ M N

— R< - — < —+e.

N 0 f(uo,n) M g(S) f(uo,n)
Letting n — oo and then € — 0, we have the contradiction. Thus ug, remains bounded
and this shows (4.1), as was to be proved. il

Then

5. NECESSITY OF CONDITION (1.8)

In this section we will prove that condition (1.8) is necessary for problem (P_) to have
a solution. Moreover, it is also necessary for problem (P") when n is sufficiently large.
This result is in the spirit of the nonexistence example in [51] (see Theorem 1 in Chapter
I1I, §16 there).

Thus our main result here is:
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Theorem 6. Let f and g be functions satisfying (fo—go), and assume that tlim f(t) = oo.
— 00
If condition (1.8) does not hold, that is,

(5.1) /1 96 ds < oo,

then problem (P-) does not have any nonnegative solution. Moreover, there exists ng =

no(2) such that the problem with finite boundary datum (P™) does not have nonnegative
solutions u € CY(Q) for n > ng.

Remark 3. A slight modification of the proof of Theorem 6 shows that if h € C1(99) is
positive, the problem

Au—g(|Vul) = f(u) inQ,

u=nh on 012,

has no nonnegative solutions u € C(Q) if |h|« is large enough.

Let us begin by considering the particular instance where {2 = Bpg. In this case, we will
show that no radial solutions exist in both situations.

Lemma 7. Assume g verifies (5.1). Then problem (P-) does not have radial nonnegative
solutions. Moreover, the problem with finite datum

Au—g(IVul) = f(u) in Br,
(5.2) { u=n on 8RBR;

does not have nonnegative solutions if n is large.

Proof. Let us show first that (P_) does not admit radial nonnegative solutions. It follows
from (4.9) in the proof of Theorem 2 that

1

> < (F(u) + ()’ > gl

Thus if we divide by g(v') and integrate between ry and r for some arbitrary rg € (0, R)
and r close to R, we obtain

[0 stz utr) -t
——ds > u(r) — u(rg),
u(ro) g(S)
and we arrive at a contradiction when we let » — R thanks to (5.1). Hence no radial
nonnegative solutions to (P-) can exist.

The proof that no solutions to (5.2) exist when n is large enough is a bit more involved.
We assume that there exists a sequence ny — oo such that each problem (5.2) with n = ny,
has a nonnegative solution u;. By uniqueness, this solution must be radial, and hence it
verifies

o4 N = )+ o),
u'(0) =0,
u(R) = ny.

Let upr = ug(0). Since we may assume that ny is increasing in k and solutions to the
associated initial value problem are also increasing with respect to the initial datum, we
have that ug j, is increasing. If ug  — oo, we would obtain (4.10), leading to a contradiction
as in the proof of Theorem 2. Thus v\ is bounded and we have ug j, — ug for some ug > 0.
We will assume ug > 0, since with a slight modification of the arguments below the case
ug = 0 can also be covered.
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Let u be a solution to the Cauchy problem
N-1,

o+ N1 ) + gt
(5.3) w(0) = uo,
u'(0) =0,

defined in the maximal interval of existence [0,7"). It is possible that 7' = oo, but if " < co
then

. / _
iy wlr) = oo

while

lim, u(r) < oo,

since by the first part of the proof there are no solutions which blow-up at any finite 7.

On the other hand, the derivatives are also ordered, so that for small € > 0, ug(r) < u(r),
uy(r) < o/(r) if r € [0,min{T, R} —¢]. With an argument like the one used at the beginning
of Section 4, we obtain that uy converges in C*[0, min{T, R} — ¢] to a function u which
has to verify problem (5.3). We warn the reader that this function u does not necessarily
coincide with the one introduced before, since uniqueness does not necessarily hold for
(5.3).

We claim that T < R. Indeed, if we had T' > R, since ug(R) = ng < u(R), we would
arrive at u(R) = oo, which is not possible. Thus T' < R. Since for small ¢ > 0 we have
uj, — v’ uniformly in [0,7 — €] we have uj(T —¢) > /(T —€) — ¢ if k is large enough.
Using again that u} > *-g(u}) we have, integrating in [T — ¢, R], that

1 u(B) (g
—(R—-T+¢ S/ —_—
w ) wl (T—e) 9(8)

1 & ds
—(R—T+e g/ Sy
N( ) u'(T—e)—e g(s)

and letting e — 0 we arrive at T' > R, a contradiction. Thus there can be no solutions to
(5.2) when 7 is large enough, and this concludes the proof. O

Hence

Let us now prove Theorem 6. The proof relies in showing that if a solution to either
(P-) or to (P}) exists in a smooth bounded domain €2, then we can construct a solution
for the same problem in a suitable ball Bg, contradicting Lemma 7. The argument to do
this is similar to the one used in Section 3: we truncate the function g, find a solution
to the truncated problem and then show that it is a solution to the original problem by
obtaining bounds for the gradient.

Proof of Theorem 6. Assume first that for some n there exists a solution u € C1(Q) to

(5.4) { Au—g(|Vul) = f(u) in,

u=mn on 0f).
Take an arbitrary ball B C € which is tangent to 92 at some zg € 9Q). For M >
supg |Vul?, consider the truncated problem

Av — gy (|V?) = f(u) in Bg,
V=" on 0Bp,

where g, is a bounded function with gys(#?) = g(t) if 2 < M. As in Section 3, there exists
a nonnegative solution v to this problem by means of the method of sub and supersolutions.
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By uniqueness this solution is radial and by Proposition 3, it verifies v > 0, while v’ is
increasing.
On the other hand, we have by comparison that u < v in B, and since u(zg) = v(zp):

so that

v'(R)* < |Vu(zo)|> < M.
Since v’ is increasing and positive we have v/(r)?2 < M for 0 < r < R, so that v is a
solution to (5.2), contradicting Lemma 7 if n is large enough (depending only on R).

Finally, let us tackle the question of nonexistence for problem (P_). Assume there exists
a solution u to (P-). Take a ball Br(zg) C € tangent to 92 at some point zy. For small
e > 0let xz. = xg — ev(29), where v(zg) is the outward unit normal to 9Q at zp, so that

Bpr(ze) CC Q. Denote n = n(e) = supyp,(.) u- Then
Au—g(IVul) = f(u) i Ba(z)
u<n on 0Bg(xe),

and an argument like in the first part of the proof shows that the problem

{ Av —g(|Vv]) = f(v) in Bpr(z.),
v=mn on OBg(x),

has a solution. However, when ¢ — 0, n — oo, and we arrive at a contradiction with the
already proved nonexistence of solutions to (5.4) for large n. This concludes the proof. [

6. UNIQUENESS

In this section we consider some results concerning uniqueness of nonnegative solutions
to (Py). As we mentioned earlier, uniqueness is achieved thanks to some special mono-
tonicity of the nonlinearities f and g, together with the knowledge of the exact boundary
behavior of all possible nonnegative solutions. To obtain this boundary behavior, we will
assume that f verifies the Keller-Osserman condition (1.2), and another condition which
is usual in the literature, namely:

s YA
(6.1 lt—iljp wf(t)

for every A > 1, where
* ds
(6.2) 5 = /
=) JF(s)

(cf. [7]). Let us mention that this condition holds for instance when f(t)/t* is increasing
for some p and large t, as can be easily checked.
We prove the following theorems:

Theorem 8. Let f and g be functions satisfying (fo — go) and assume that (6.1) holds,
f@t)/t is increasing and g(t)/t is decreasing. Then problem (Py.) admits a unique nonneg-
ative solution.

Theorem 9. Let f and g be functions satisfying (fo — go). Assume that g verifies (1.8),
(1.10) and (6.1) holds with s replaced by 1g, where

o= [
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Assume moreover that f(t)/t and g(t)/t are increasing and that

mwzo.

100 g(t)

Then problem (P-) has a unique nonnegative solution u € Cllo’?(Q)

Let us begin with problem (P). The boundary behavior is given in the next lemma,
where we denote d(z) = dist(z, 0€2).

Lemma 10. Assume f and g are increasing continuous functions with f(0) = g(0) =0,
and that f verifies the Keller-Osserman condition (1.2). Assume moreover that g verifies

t
(6.3) lim sup g(t) < 0.

t—o0

Then every nonnegative solution u to (Py) verifies

o p(u(e)
(64 B0 dm) b

where Yy is given by (6.2). If in addition f verifies (6.1), then

- u(x)
(6:5) d(lgi)m—@ or(d(z))

where ¢y is the inverse function of ;.

=1,

Proof. The proof of boundary estimates relies on comparison with solutions in balls and
annuli. For this sake, we need to analyze first the radial case. Thus let u be a solution to

o'+ N = ) — g,
u'(0) =0,
u(R) = 0.

It follows from Proposition 3 that v” > 0, v/ > 0, so that v” < f(u). Multiplying by «’
and integrating we obtain v’ < /2F(u), so that in a standard way:

u(r) v/ 2F(s)

lim sup M <1.
r—R R—r

that is,

To obtain the complementary inequality, we first observe that since f verifies the Keller-
Osserman condition, it follows that

lim &
t—o0 f(t)

(see the Appendix in [6]) and thus condition (6.3) implies that for some positive constant
C:

=0

o) . () 2 (ulr))
) =T = ¢ Ful)

—0 asr— R.
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(1)

2F (u)
0

< if r > ro, where 9 € (0, R) is arbitrary. Thus
N -1
u” > fu) = g(u) — ——V/2F(u)
0

gw) N -—14/2F(u)
2 s S~ )

Now notice that

> (1—¢)f(u)
for some small e, provided r is close enough to R. An integration as before provides
lim inf M > 1.

r—R R—r

Thus (6.4) holds in this case. It is shown with only minor modifications that it also holds
when the domain (2 is an annulus.

Now let u be a solution to (Py) in a smooth bounded domain 2. Choose a radius R > 0
such that 02 verifies the uniform interior sphere condition. For z € Q with d(z) < R,
let Z € 0N be its projection onto 9. There exists zz € €2 such that the ball Br(zz) is
contained in 2 and is tangent to 92 at z. Let up be a solution to (P4 ) in this ball. We
obtain by comparison:

u(z) <up(|r — z),
for € Br(2z). Using d(z) = | — Z| = R — | — 23|, and since v; is decreasing,
¥y (u()) S Vp(up(le — zz|))  wp(up(lz — 2)))

d(z) ~ d(z)  R—|z—zz|
Thanks to (6.4) in the radial case, we know that for a small € > 0 there exists § > 0 such
that for d(z) < J the last term in (6.6) is > 1 —e. Hence

vy (u(@))
@) >1—¢ whend(z) <.

(6.6)

This immediately gives

liming YD) 5
d(z)—0  d(x)

For the complementary inequality we use the uniform exterior sphere condition. Given
x € Q close to 99, we take its projection Z € 9. There exist R’ > 0 (not depending on
x) and wz ¢ Q such that Br/(wz) NQ = @, Bp/(wz) NQ = {Z}. Take R” > 1 so that
Q) C Bpgr (wi)

Then Q2 C A := Brr(wz) \ Br/(wz) and taking any nonnegative solution u4 to (Py) in
the annulus A we obtain by comparison u(x) > ua(Jx — wzl|), so that

by (u@) _ by (ualz ~ Wa)
dlz) — |zx—Wz|—-R
when d(z) < §. Thus (6.4) is proved.
Finally, when condition (6.1) holds, it is well known that (6.4) implies (6.5). However,
we will include a proof for completeness.
For fixed A > 1 and fixed positive ¢ we have ¢(At) < (1 —€)i(t) for large enough ¢,
hence Agf(s) > ¢f((1 —€)s) for small enough s. Since A > 1 is arbitrary this yields

s 2 (L —€)s)
(6.7) 1 SHOp7¢f(S)

<1l+e,

<1
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On the other hand, thanks to (6.4), there exists 6 > 0 such that for d(xz) < § we have
y(u(x)) > (1 —e)d(x). This implies
uw) _ op((1—)d(x))
¢rld(x)) = ¢pld(x))
Finally, the inequality (6.7) implies

lim sup wz)

d(z)—0 ?5(d(x))

and the lower inequality for the inferior limit in (6.5) is shown similarly. This concludes
the proof. O

IN

L

We now prove the uniqueness result for problem (P). The proof is an adaptation of
the argument in [26].

Proof of Theorem 8. Let u,v be arbitrary nonnegative solutions to (P;). Notice that
under the assumptions on g we have (6.3), so that Lemma 10 can be applied and it gives

u(z)
im
d(z)—0 v(x)
Choose € > 0. Then there exists 6 > 0 so that
(6.8) (1—e)v(z) <u(z) < (1+e)v(x)
for d(x) < 6. Let Q0 = {x € Q:d(z) > 6} and consider the problem

Aw + g(|[Vw|) = f(w) in Q°,
w="u on 999,

(6.9)

which has as its unique solution w = u. Now the monotonicity of f(t)/t and g(t)/t implies
that (1 + ¢)v is a supersolution to (6.9), while (1 —¢)v is a subsolution. It follows by
comparison that (1—¢)v < u < (1+¢)v in Q9. Hence the inequality (6.8) holds throughout
), and we can let € — 0 to obtain u = v. This shows uniqueness. O

Now let us turn once again to problem (P-). We have an analogue of Lemma 10:

Lemma 11. Assume g is an increasing continuous function which verifies g(0) = 0, (1.10)

and -
s
——ds = 00,
/1 9(s)

and (6.1) holds with vy replaced by 14, where
*© ds
o= [~
S ATe
If f is an increasing continuous function with f(0) =0 and
t
(6.10) tim £ g,
t—o0 g(t)
then every nonnegative solution to (P-) verifies

1
(6.11) u(z) ~ /d( )¢g(t)dt
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as d(x) — 0, where ¢4 is the inverse function of 1),.

Proof. The proof of (6.11) is obtained by comparison with solutions in balls and annuli,
as in Lemma 10. Thus we only prove it in the case {2 = Bg. If u is a radial nonnegative
solution, then

(6.12) u’ + Eu' = f(u) + g(u) > gu).

Notice that u” is not necessarily increasing, but the group u” + %u’ is, thanks to
Proposition 3. Thus for every ro € (0, R) and r € (19, R):

W(r) = (o) + / () <) + / 0 (u”(s) + u'(s))ds

< (ro) + (r —ro) [ ' (r) + NT_ 1u/(7“)>

_fro

T T

N -1
s

<u'(rg) + (N —1) u'(r) + (R —ro)u” (r).

70
Taking 7o close enough to R so that (N — 1)£=r0 < 1, we obtain

u'(r) < 2u'(rg) + 2(R — ro)u (r).

Dividing by u”(r), letting r — R and then ro — R, we obtain u/(r)/u”(r) — 0 as r — R.
Thus from (6.12):

(1+ o) > g(us),
when r is close enough to R. Dividing by g(u’) and integrating in (r, R) for r close to R:

* ds 1
—— > —(R—1).
/1;/(7“) g(S) B 1+€< )

u(r
it P2 )
r—R R—r
On the other hand, since «’ is increasing, it is shown as before that u(r)/u/(r) — 0 as
r — R, and in particular u <« if 7 is close to R. Thanks to condition (6.10) we also have

f(t) <eg(t) when t is large enough. Then

Hence we arrive at

> 1.

N-—-1
u’ <+ u' = fu) +g() < f(u) + () < (1 +e)g(u),
and it follows that o g
s
— < (I4+¢e)(R—r).
/u’(r) g(S)
We then obtain ( ( ))
. Yg(u'(r
lim ————= =1.
'rl—rg? R—r
With the additional condition (6.1) we also have
u'(r)

lim ———— =1
PSR Gy (R—1)
as in Lemma 10. Thanks to I’Hopital rule we deduce that
1

r R
u(r) ~ u(0) + /0 ¢g(R — s)ds = u(0) + . Gg(t)dt ~ . Pg(t)dt,

which is (6.11) in a ball of radius R. This concludes the proof. O
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Remark 4. We notice that ¢} = —g(¢,), so that

1 A A
== [ S /g(l) "

and the boundary behavior (6.11) can be written as

@) /(bg(d(x)) s p
u(x) ~ ——ds
1 9(s)

We close this section by mentioning that the proof of Theorem 9 is a slight variation
of that of Theorem 8, using Lemma 11 instead of Lemma 10, and therefore it will not be
given.

when d(z) — 0.

7. SOME EXAMPLES

In this section we quote some important cases of nonlinearities f and g, and particularize
the results of our paper to them. It is easily seen that conditions (a) or (b) in the
Introduction hold for all of them. Let us begin with (P4 ).

7.1 ~ = 14 i ~1(¢) = ¢1/4, whi — (2977

1. (Py) with g(t) =17 for some g > 0. In this case g~ (t) = t7/7, while I'(s) = 75—+
2Ns%. Thus when 0 < ¢ < 1 we have I'(s) ~ constant - s? as s — 00, so that I'"1(s) ~
constant - y/s as s — 0o, and condition (1.7) is nothing more than Keller-Osserman con-
dition (1.2). When ¢ > 1, on the contrary, I'(s) ~ constant - s as s — oo, so that

I'~(s) ~ constant - sTT and (1.7) reads as

So that we obtain directly from Theorem 1:

Corollary 12. Let f be an increasing continuous function with f(0) = 0. Then for
0 < q<1, the problem
(7.1) Au+ |Vul? = f(u) inQ,

’ U = 00 on 052,
admits a nonnegative solution if and only if f verifies the Keller-Osserman condition (1.2),
while for ¢ > 1, (7.1) admits a nonnegative solution when

© ds

(7.2) / — <X
1 F(S)ﬁ

and does not have any nonnegative solution when

o0
d
(7.3) / LYV
L f(s)e
Let us mention that conditions (7.2) and (7.3) are not exhaustive. This is easily seen
by taking f(¢) = ti(logt)®, for a verifying ¢ < a < ¢ + 1, where neither condition (7.2)
nor (7.3) hold.
As particular cases of Corollary 12, let us single out the functions f(t) = t?, p > 0 and

f(t) = e — 1, where all possibilities are exhausted. The next two corollaries complement
the results in [4], since uniqueness and nonexistence were not considered there.
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Corollary 13. Let p, ¢ > 0. For the problem
Au+ |Vul? =uP in Q,
U= 00 on 01,
we have:

(i) If 0 < q < 1, there exists a nonnegative solution if and only if p > 1, and it is
unique.
(ii) If g > 1, there exists a nonnegative solution if and only if p > q.

Corollary 14. The problem

Au+|Vulf=e*—1 inQ,
U= 00 on 01,

admits a nonnegative solution for every q > 0. This solution is unique when 0 < g < 1.

7.2. (Py) with g(t) = ¢! — 1. This is an interesting example since we are analyzing a
problem with a huge growth in the gradient. Notice that I'(s) ~ e2* for large s so that
I'~1(s) ~ logs as s — oo. Since also g~!(¢) ~ logt we immediately have from Theorem
1 that the condition

©  ds
74 / SRLERNPYNS
74 1 log F'(s)
implies existence, while

*  ds
7.5 / =00
(79 L logf(s)

gives nonexistence. The important remark is that conditions (7.4) and (7.5) are comple-
mentary. This is easily seen by noticing that F'(2t) > f(t) for t > 1, so that the divergence
of the integral in (7.4) implies (7.5) and the convergence of the integral in (7.5) implies
condition (7.4). Thus:

Corollary 15. Let f a continuous increasing function verifying f(0) = 0. Then the
problem

Au+elVe —1=f(u) inQ,
U = 00 on 0S,

admits a nonnegative solution if and only if
/OO ds -
00.
1 log f(s)

Let us finally consider problem (P_).

7.8. (P-) with g(t) = t? for some ¢ > 0. Condition (1.8) is equivalent to ¢ < 2, while
(1.10) in Theorem 2 means g > 1. Hence

Corollary 16. Let f be increasing and continuous. Assume moreover that f(0) =0 and
limy o f(t) = 00. Then for 1 < q < 2 there exists at least a nonnegative solution to

{ Au+|Vul? = f(u) in Q,

(7.6) U= 00 on 0N).
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When 0 < g < 1 and f verifies the Keller-Osserman condition (1.2) there exists a non-
negative solution to (7.6), and there exists none when

/°° ds B
AN OET

As before, the two important cases f(t) =t?, p > 0 and f(t) = e’ — 1 give:
Corollary 17. Let p, ¢ > 0. Then the problem
Au— |Vul? =u? in Q,
U= 00 on 0S),

has no nonnegative solutions if either ¢ > 2 or if p, g < 1. When1l < q <2 orp > 1,
there exists a nonnegative solution. Moreover, the solution is unique if 1 < p < q < 2.

Corollary 18. Let ¢ > 0. The problem

Au—|Vul? =e* -1 inQ,
U= 00 on 01,

has no nonnegative solution if ¢ > 2, while it has at least one when 0 < g < 2.

Remark 5. As in the case considered in Section 7.1, the conditions in Corollary 16 are not
exhaustive. For instance, the corollary cannot be applied to the function f(t) = t(logt)®
when 1 < a < 2.

7.4. (P_) with g(t) = t?log(t + 1). This is in our opinion one of the most interesting cases
in our study, since it consists in an equation with a superquadratic growth in the gradient.
It is not hard to see that condition (1.8) is verified. Moreover, also condition (1.10) in
Theorem 2 holds, so that:

Corollary 19. Let f be an increasing continuous function with f(0) = 0. Then the
problem
Au — [Vul?log(|Vu| + 1) = f(u) in Q,
{ U = 00 on 0,

. . . ) .. .
admits a nonnegative solution. If moreover @ 18 increasing and

) _

t—oo t2logt

)

then the solution is unique.

APPENDIX: GRADIENT BOUNDS

It is important for the existence proofs in Section 4 to dispose of interior gradient bounds
for solutions to the equations

(A.1) Au= g(|Vul) = f(u) in Q.

These bounds can be obtained independently of the growth of the function g. However, we
need to impose restrictions (a) or (b) in the introduction, which are of technical nature.

By modifying the arguments in the Appendix to [35], where the case g(t) = t?, ¢ > 0
was considered, we are going to prove:
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Theorem A. 1. Let f and g be increasing continuous functions with f(0) = g(0) = 0.
Assume g verifies one of the following two conditions:
(a) There exists to > 0 such that g is differentiable for t >ty and

g'(t) -
< v >
S < Ct, t>t

for some v > 2, or

(b) There exists a positive constant C such that |g(t)| < Ct%, for large t.

Let u € CY(Q) be a nonnegative weak solution to (A.1). Then for every pair of smooth
subdomains Q' CC Q" CC Q there exists a constant C' depending only on |f(u)| e,
Q, Q" and g such that

(A.2) sup |Vu| < C.
Q/

Some interesting examples which fit into either of the previous conditions (a) or (b) are
g(t) = t4, for some g > 0, g(t) = e’ — 1 or g(t) = t91og(t + 1) for ¢ > 0.

Proof of Theorem 1. As in the proof of Lemma 4, since it is easier to deal with |Vu|? than
with |Vul|, we set g(t) = §(t?).

Let us begin with case (b), which is more or less classical. If u € C1(Q) is a weak
solution to (A.1), we have Au € L2 (), so that by standard regularity u € I/VI?)CP(Q) for
every p > 1. We may use Theorem 6.5 in Chapter IV of [33] to obtain that for Q' CC Q,
there exists o € (0,1) and a constant M > 0 which only depends on |u|re (a1, [f(1)|Le 01
the constant C' in (b) and the distance from €’ to 952, such that

‘u|ol,a(§,) S M

This shows (A.2) in case (b).

As for case (a), notice that we may assume lim;_,~, g(t) = 0o, otherwise (b) holds. The
condition on g implies
~/
(A.3) T
g(t)?
for large t and some positive constant C. By direct integration it is also easy to see that
this entails

(A.4) () > ct's

for large ¢t and some positive C.

By approximation, as in Lemma 4, we may assume that § and f are C''. More precisely,
let { %}, {gx} be sequences of C! functions such that f; — f, gr — § uniformly in compacts
of R. We may also assume that fj is increasing and gj, verifies condition (a) with a uniform
constant C' (notice that g is C! for large t, so we could take gi(t) = g(t) for large t if we
wish). Let Q' ccC Q" cC Q be smooth subdomains. The problem

{ Av + gp(IV]) = fr(v) in ',

v=u on O,

has a unique solution v;, € C? (ﬁl) The existence follows exactly as in Proposition 5 and
the uniqueness is a consequence of the comparison principle in [22]. Assuming we prove

(A.5) sup |Vug| < C
Q/
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for a constant C which does not depend on k, we can argue as in Lemma 4 to deduce that
(passing to a subsequence) vy — u in C* (ﬁl) Letting £ — oo in (A.5) we obtain (A.2)
for u.

Thus we assume f and § are C'. Next take ¢ € C§°(Q”) such that ¢ = 1 in &,
0<p<Tland|Ap| <O, |Vyp|? < Cp'*? for some 6 € (0,1) to be chosen later.

Let w = |Vu|?2. We have seen in Lemma 4 that w verifies the equation

Aw = 2|D%*u? + 2f' (w)w F 2§ (w)VuVw
in ©, so that the function z := pw verifies
Az = 20| D*ul? + 20 f" (W)w F 2§ (w)pVuVw + 2VwVe + wAp.

Now notice that z = 0 outside ©”. Hence there exists ¢ € Q" such that z achieves its
maximum at xg. Since Az(zg) < 0 and Vz(z9) = 0, we have

\V4 2

20| D*ul* < F2g'(w)VuVow + Vel

w— wAp

(A.6)

<27 (w)|Vul||Velw + ———w + w|Ay)|

[Vl?
®
< CF (w)p = w? + Clw,

at the point xg, where we have used ¢ > 0 and f’ > 0. On the other hand, thanks to
Cauchy-Schwarz inequality, we have

N 2 N
:(Zaﬁu> Z ;iu)? < N|D?ul?,
i=1

so that (A.6) implies that

2 146

— p(Au)? < CF (w)p 2 w3 + Cow

at the point xg.
Moreover, using the equation (A.1),

(Au)? = (§(w) F f(u)* > (3(w) — C)* = C(w)* = C,
where C' depends on g and |f(u)|ze (), so that
p3(w)? < Cop+ CF (w)p'+ wt + Cp'w
at zo. Using (A.3) and w = z/¢p we get

(A7) Gw)? < C + Clw)2 =3 2" 213 4 0pf=2z,
We now choose 6 > 3 — , which is always possible since 3 —~ < 1. Then (A.7) becomes
(A.8) §(w)? < C+ Cj(w)?177 + 0?2,

~

Now assume Cz(xg)'~2 < 1/2, since on the contrary there is nothing to prove. Then
(A.8) implies §(w)? < C' + Cy?~2z and using (A.4) we arrive at w?~! < C' 4+ Cp?~22, that
is

< C’gﬂ_l + C’cp9+7_3z <C+Cxz.
Taking into account that v > 2, we obtain an upper bound for z(z¢) which only depends
on |f(u)|pee(qry, ', Q" and g. Since xq is a point where z achieves its maximum

o|Vul> < C in 9,
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and using that ¢ =1 in ', we arrive at (A.2). This concludes the proof. O
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