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ABSTRACT. In this paper we consider the nonlinear elliptic problem

—Au+ au = g(|Vul|) + Ah(z) in Q
u =20 on 0f),

where Q is a smooth bounded domain of RY, o > 0, g is an arbitrary
C* increasing function and h € C*(Q) is nonnegative. We completely
analyze the existence and nonexistence of (positive) classical solutions in
terms of the parameter \. We show that there exist solutions for every A
when a = 0 and the integral floo g(ls)ds =00, or a > 0 and the integral
floo ﬁds = oo. Conversely, when the respectively integrals converge
and h is nontrivial on Q, existence depends on the size of X\. Moreover,
nonexistence holds for large A. Our proofs mainly rely on comparison
arguments, and on the construction of suitable supersolutions in annuli.
Our results include some cases where the function g is superquadratic
and still existence holds without assuming any smallness condition on

A

1. INTRODUCTION

The concern of the present paper is the existence and non-existence of
solutions to the following nonlinear elliptic problem:

(L.1) —Au+ au = g(|Vu|) + Ah(z) in Q
’ u=20 on 0,

where Q is a bounded domain of class C?" of RY for some 1 € (0,1), a > 0
and g € C*(R) is increasing with g(0) = 0. The function h € C1(Q), will be
nonnegative, while A will be regarded as a positive parameter.

We will focus our attention on general functions g, obtaining sharp condi-
tions which imply: either (a) problem (1.1) has a unique solution for every
A or (b) there exists a critical size of A that divides existence from non-
existence for (1.1) when h # 0 in Q.

This type of problem has been extensively studied. Here we give a quick
review on the topic, other references can be found in the papers quoted
below. The pioneering works on the subject seem to be due to Serrin [29],
Amann and Crandall [6] and Lions [24]. The case o > 0 is considered in
[12] and [13], where existence holds when g has at most quadratic growth,
see also [14]. The case a = 0 and g(t) = t? was studied for example in [17]
and [18] (see also [2] and [20]). For related results see [1] and [11].

More recently also related fully nonlinear equations are considered in [30]
(see also the case a < 0 in [22], where multiplicity results are obtained).
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We finally mention that a starting point of our work can be found in
[3]; actually we solve a problem given in that paper, see Remark on page
29 there. More precise information on our contribution with respect to the
known results are given in the remarks after our main theorems.

By a solution to (1.1) we mean a function u € C?(Q2) N C1(Q) verifying
the equation in the classical sense. Remark that, on one hand, standard
bootstrapping gives u € C2"(f2), while on the other hand solutions are
strictly positive in 2 by the maximum principle, since —Au + au > 0 in
Q. An important remark with regard to problem (1.1) is that uniqueness of
solutions holds by the comparison principle (cf. for instance Theorem 10.1
in [19] or the results in [27] and [16]). Thus we only need to show existence
and nonexistence of solutions. For other uniqueness results see for example
[8], [9] and [10]. Observe also that non-uniqueness holds with less regularity
on the solution, see for instance [2].

Let us state now our main results. We begin with the case @ = 0. It
turns out that the existence of solutions depends on the condition

* ds
(1.2) / =

More precisely:
Theorem 1. Assume g € C'(R) is increasing with g(0) = 0, while h €
CY(Q) is such that h >0 in Q. If a = 0 then:
(i) If (1.2) holds, there exists a unique solution to (1.1) for every A > 0.
(ii) If (1.2) does not hold and h # 0 on 0SY, then there exists A > 0 such

that for X\ € (0,A) problem (1.1) has a unique solution, while there
are no solutions when A > A.

Remarks 1. (a) The non-existence part in (ii) is already proved in the case
where ¢ is convex (see Theorem 2.1 in [3]). In the particular case g(t) = tP
with p > 2, see [21] for existence when h is a measure and A is small.

(b) Part (ii) of Theorem 1 extends the case g(t) = t? of the above quoted
papers.

We now turn to the case @ > 0. In this case, the condition for the
existence of solutions is

s
1.3 / ——ds = oo.
) L o)
Observe that condition (1.3) is implied by (1.2). We have:
Theorem 2. Assume g € CY(R) is increasing with g(0) = 0, while h €
CY(Q) is such that h >0 in Q. If a > 0, then:
(i) If (1.3) holds, there exists a unique solution to (1.1) for every A > 0.
(ii) If (1.3) does not hold and h # 0 in OSY, then there exists A > 0 such

that for A € (0,A) problem (1.1) admits a unique solution, while no
solutions exist when A > A.
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Remarks 2. (a) The non-existence part in (ii) is already proved in the par-
ticular case g(t) = t? with p > 2, see Proposition 2.3 in [3].

(b) Part (i) in Theorem 2 applies for instance to g(t) = t?In(1 +t), which is
superquadratic, and so existence holds without the smallness restriction on
the right hand side. This means that in the setting of classical solutions, and
with smooth data, most of the previous existence theorems are not optimal
with respect to the growth condition in g, since at most quadratic behavior
is required in the case a > 0.

(c) Part (i) in our two theorems answers an open question stated in [3] (see
Remark in page 29 of that paper). We are indeed a little bit more precise
here, since our optimal conditions are different for the cases &« = 0 and
a > 0. When ¢(t) =t part (i) holds in both theorems, this particular case
already being covered in [3] (see Theorem 3.1 there).

(d) The case g(t) = O(t) has been usually the reference case for a general
solvability result (Part (i) in Theorem 1 or Theorem 2); see for example
[15], and [5] (note that the symmetrization approach reduces the problem
to a radial one, which is related to our approach). The superlinear model
case g(t) = |t|?, ¢ > 1 is deeply studied in [21], in particular as far as nec-
essary conditions for the existence are concerned. In [26], the case g(t) = t?
with the limit @@ — 0 is described and the maximal constant A is charac-
terized in terms of stochastic state constraint ergodic problems. For the
superquadratic case, see also [7], where the existence of a generalized viscos-
ity solution is proved when A > 0, though this solution is not classical and
in particular may not attain the boundary datum.

Let us mention in passing that the positivity condition on h is only im-
posed in order to simplify the presentation. In particular, it is relevant for
the nonexistence results only. For a function h which takes both signs we
still may assert the existence of solutions for every A > 0 in case (i) in both
theorems and for small A in case (ii), although in this last situation the
results are not expected to be optimal. Notice also that when h is negative,
the change of u by —u in (1.1) amounts to replacing g by —g. In most of
the previous works, no distinction is made between the two cases, but the
results are far from optimal. Here we have decided to restrict our attention
to nonnegative h (hence positive g) for definiteness.

On the other hand, we believe that the proofs can be adapted to deal
with some more general operators than the Laplacian, for instance the p-
Laplacian or even some fully nonlinear operators which depend on the second
derivatives of the solution.

The basic idea to prove existence of solutions to (1.1) comes from [24]
(see also [25] and [23]). It consists in truncating the term g(|Vul) in order
to obtain a problem in a classical setting, i. e. with subquadratic growth
in the gradient. Then the standard method of sub and supersolutions can
be used to get a solution to the truncated problem, and the final step is to
show that the solution to the truncated problem is indeed a solution to the
original one. This can be achieved by obtaining appropriate estimates for
the gradient Vu of the solution u in €. These estimates are a consequence
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of a kind of maximum principle for |[Vu|? +u2, so that everything is reduced
to estimating |Vu| on 092. This can be done by comparing with a suitable
supersolution.

It is important to notice that our approach does not rely in obtaining a
supersolution u to (1.1) which vanishes on the whole 0f2, something which
is required to apply Theorem IIL.1 in [24]. Rather, we construct the su-
persolution by analyzing problem (1.1) in an annulus which after a suitable
translation is tangent to 0€) at every fixed xg € 0€2. This enables us to deal
with a radial problem which is in some sense integrable, so we are able to
find conditions which are both necessary and sufficient for existence.

The rest of the paper is organized as follows: in Section 2 we construct
supersolutions to (1.1) in the particular case where 2 is an annulus. Section
3 is dedicated to show nonexistence of solutions to (1.1) when € is a ball.
Finally, in Section 4 we deal with the proofs of Theorems 1 and 2.

2. SUPERSOLUTIONS FOR PROBLEMS IN ANNULI

It will be proved in Section 4 that the existence of a radial supersolution
to problem (1.1) posed in an annulus when A is constant suffices to ensure
the existence of a solution to (1.1). Thus this section will be dedicated to
construct a positive radial function u verifying

2.1) { —(rN Y > eV —au+ g(|W]) +¢), R <1 < Ry

’U,(Rl) = 0, u(RQ) Z 0,
for suitable values of ¢, depending on whether o« = 0 or @ > 0 and also on

the integrability conditions on g at infinity considered in the Introduction.
In what follows, Ry > Ry > 0 will be fixed.

Lemma 3. Assume g € CY(R) is increasing with g(0) = 0 and a = 0.
Then, if

> ds
(2.2) /1 @ = 00,

for every ¢ > 0 there exists a positive radial function u verifying (2.1). If
(2.2) does not hold, the existence of such a function also follows provided ¢
18 small enough.

Proof. Introducing the change of variables

log r N =2

(2.3) 5= 1 1
-~ N>
N —2pN-2’ 23

and denoting u(r) = v(s), (2.1) is transformed into

—" 2 2N (g (elof])) + )
U(a) = O, ’U(b) > 07
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where a = log Ry, b = log Ry, when N = 2, while a = —ﬁﬁ, b =
1
—ﬁﬁ if N > 3. Since g is increasing and positive, it suffices to have

(28 o {hv1) 19

v(a) =0, v(b) > 0.

Setting w(s) = v(s + a), this suggests to consider the one-dimensional au-
tonomous initial value problem

o p2(N-1) 1 /
(2.4) { w' = H (g (Ri“ [w ’) +C>
w(0) =0, w'(0) =~ >0,

which has a unique solution for every v > 0, and find a positive solution
in (0,b —a). Observe that solutions to (2.4) verify on one hand w” <
—cRg(Nfl), so that an integration provides w(s) < s(y — cRg(N71)5/2).
On the other hand, since w’ is decreasing we have w'(sp) = 0 for some
so > 0, and it follows by the symmetry of the problem that w is symmetric
with respect to so and w(2sp) = 0. Letting 2sg be the first zero of w and
integrating the equation in (0, s9p) we obtain

()
0=\ —= -
R3 0 g(t)+c

We conclude that sqg is an increasing function of v which verifies

& (@) [

as 7 — +o0o. Therefore in the case where (2.2) holds, since g is increasing,
then the integral in (2.5) diverges. So, we can always choose v large enough
so that sg > (b — a)/2, and this provides with a positive solution of (2.1).
When the integral converges, we can also obtain sy > (b — a)/2 if we select
c small enough, since the integral

~ g
(2.6) /0 ol

diverges at 0, due to g(0) = 0 and g € C'(R). This concludes the proof. [

Lemma 4. Assume g € C'(R) is increasing with g(0) = 0 and o > 0.
Then, if

(2.7) /1 @ds = 00,

for every ¢ > 0 there exists a positive radial function u verifying (2.1). If
(2.7) does not hold and c is small enough, such a function also exists.

Proof. Setting z = ¢/a — u, we look for a function verifying
(PN 12Y > N az (1)

C
Ry) < —.
72( 2)—a

Slo |

Z(Rl) =
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We will look for a positive solution z to this inequality. With the change
of variables (2.3), and letting v(s) = z(r), we find as before that v is a
supersolution provided for instance that
2(N—1
o = BN (aw 4 g (= v')

v(a) = 2 u(b) = 0.

Setting w(s) = v(b—s), it is thus natural to consider the initial value problem

2(N—1
[ ()
w(0) =0, w'(0) =~ >0,

which has a unique solution for every v > 0, and see if we can select v so
that w(b — a) is as large as we please.

Notice that w” > 0 as long as w > 0, so that it is not hard to see that
solutions are positive, increasing and convex for s > 0. For every v > 0, the
solution is defined in an interval [0, 7'(7y)), and when T'(y) < oo we have
(2.9) lim w(s) =400 or lim w'(s) = +oo.

s=T(v) s—=T(7)
Let us see that when the integral condition (2.7) is satisfied, we always have
both conditions in (2.9). Indeed, the first one implies the second, and if we
had w(T'(v)) < 400, then

w' < Ry (aw(T@)) +9 <R]$w>> :
1

Multiplying by w’ and integrating we arrive at

T w/w// Q(N—l)
<R T()),
;o + st <o)
which yields
o0 s RQ(N—I)
ds < =2 w(T(v)),
/ aw(T() + gt = gyt )

1

contradicting condition (2.7). Thus w,w’ — oo as s — T'(7).

We have two cases to consider: either T'(7) is infinite for some ~y > 0 or
T'(7y) is finite for every v > 0. In the first case, let us see that this implies
T'(y) = oo for every v > 0. Observe first that when u, v are two solutions to
the equation in (2.8) with w(0) > v(0), v/ (0) = v1 > v2 = v'(0), then u > v
in the common interval of definition, hence T'(y1) < T'(72).

In particular, T'(y) = oo for v < 79. If 7 > 79 and we temporarily denote
by w, the unique solution to (2.8), there exists 6 > 0 such that w) (5) > 7,
since w/,  is increasing and converges to infinity. Let

0
w(z) = w’Yo(x +9).

Then w is a solution to the same equation with initial data w(0) = w.,(0) >
0, @'(0) = w’, (6) > ~. Tt follows by the previous observation that w > w.,
and in particular T'(y) = oco. Thus all solutions are global in this case and
it is easy to conclude: since w(x) > ~yx by convexity, we can have w(b — a)
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as large as we please, so that a supersolution can be constructed with large
values of c.

The second possibility is that all solutions blow-up in finite time, i. e.
T(v) < oo for every v > 0. Let us see that in such case T'(7) is a contin-
uous function of v. Take 7, | 7. By comparison we have T'(v,) < T(v).
Moreover, we can choose 4, | 0 such that fw; (6n) > Yn. Arguing as before,
Wy (z+0,) > w,, (), so that T'(y)—d,, < T'(7,) and we obtain T'(y,) — T'(v).
When ~,, T 7 the proof is similar.

Next, we claim that T(y) — oo as v — 0. Indeed, assume T'(y) < Tj
when v — 0. Since w” > 0, we obtain w < Tyw', so that

_ 1
w" < RS(N 1) (9 (RN—lw/> +ozT0w/> ’
1

and this leads, after an integration and a change of variables, to

o0 ds RN
e o To.
1 g(s)+aToRy s Ry

N—1
Rl

A contradiction is reached when we let v — 0, since the integral then di-
verges. Thus lim o T'(y) = oo.

Let us denote T' = limy_. T'(7y) (which is expected to be zero). If T <
b—a we can use the continuity of 7" to obtain v > 0 such that T'(y) = b—a+¢
for small positive . Taking ¢ as small as we please we obtain w.(b — a) as
large as we wish, and this provides with a supersolution for large values of
c. If, on the contrary, T > b — a, then all solutions would be defined at least
in [0,b — a] and since w(b —a) > (b — a), we obtain that w,(b — a) is as
large as we please by taking large values of ~.

To conclude the proof, we now consider the case when

> s
/ ——ds < o0
1 9(s)
and c is small enough. Observe that in this case all solutions blow up in
finite time. Indeed, let T' < T'(vy). Since

_ 1
W' > Rg(N 1)g ( _ w/)
RN-1

we can integrate in (0,7") and let T'— T'(y) to arrive at:

N-1) 4 [ ds
(2.10) REN D1y < RN 1/ < o0,
v 9(s)
since this last integral also converges.

It also follows from (2.10) that T'(y) — 0 as vy — oo (i. e. T = 0 in
the above proof). Since T'(v) is continuous with T'(y) — oo as v — 0,
we can choose v such that T'(y) > b — a and obtain a supersolution for
¢ < awy(T(y)). It is worth mentioning that in the present case where (2.7)
does not hold we cannot guarantee that the first equality in (2.9) holds, so
that the supersolution is not valid in principle for large values of c. O
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3. NONEXISTENCE OF SOLUTIONS IN BALLS

We tackle in this section the question of nonexistence of solutions to
(1.1). We will see in Section 4 that it suffices to show nonexistence of radial
solutions when € is a ball of RV and h is constant. Thus, under several
hypotheses, we will show that the problem

N-1
" v =—-au+g(u|)+e¢, 0<r<R

(3.1) r
w'(0) =0, u(R)=0

does not admit positive solutions for large values of c.

Lemma 5. Assume g € C1(R) is increasing with g(0) = 0 and a = 0. Then

if
/st < oo,
1 9(3)

there exists co > 0 such that problem (3.1) does not admit positive solutions
when ¢ > cy.

Proof. Assume u is a solution to (3.1). We first claim that «/(r) < 0 for
r € (0,R) and v’(r) < 0 in [0, R). Observe that u”(0) = —¢/N < 0, so
that /(1) < 0 for r > 0 close enough to zero. If we had u/(rg) = 0 for
some 19 € (0,R) with ' < 0 in (0,79), then u”(rg) > 0 so that from the
equation we obtain u”(rg) = —c¢ < 0, which is impossible. Then u'(r) < 0 if
0<r<R.
Assume now that for some 7 € (0, R) we have u”(79) = 0. Since u"" (7o) >
0 in this case, we obtain by differentiating the equation
" N_1u1/+N_1

Y VN A
. . u' = —g'(—u')u

so that u"”'(79) < 0, a contradiction. Thus u”(r) < 0 for r € (0, R) as well.
Next if we rewrite the equation as —(r™~1u')" = rN=1(g(—/) + ¢) and
integrate in (0, ) we obtain, taking into account that g(—u’) is increasing:

—r N1/ () = rsN_l —u'(s c)ds
() /0 R

< (o) +0) [ 8V s = o) +o)
so that plugging this in (3.1) we have

—u > %(g(—u') +c) in (0, R).
Integrating in (0, R) we obtain

/oo dt >/u/(R) dt - iR
o 9(t)+ec 0 gt)+c~ N

This implies that ¢ cannot be too large in order to have a positive solution
to (3.1). O
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Lemma 6. Assume g € C1(R) is increasing with g(0) = 0 and o > 0. Then
if

> s
(3.2) / ——ds < 00,

1 9(s)
there exists co > 0 such that problem (3.1) does not admit positive solutions
when ¢ > ¢.

Proof. Let u be a positive solution to (3.1). We first claim that v < ¢/a.
Indeed, if we had u(0) = ¢/« then u = ¢/a by uniqueness, which is not
possible. If u(0) > ¢/a then u”(0) > 0 and w initially increases. According to
the boundary condition u(R) = 0, there should be a point where u achieves
its maximum, but this is in contradiction with the equation. We conclude
that u(0) < ¢/« and again by the equation u initially decreases and cannot
reach a minimum, so u is always decreasing. It is seen much as in the
previous case that v” < 0 in [0, R) also. Thus arguing as in that proof we
obtain

1
(3.3) -’

>
- N
Assume there exists a sequence ¢, — oo such that a positive solution u,, to
(3.1) exists with ¢ = ¢, (with no loss of generality we may assume that ¢,

(—au+ g(—u') +c).

.. . Cn
is increasing). Let v, = —
(6%

— Un. Then
N -1
vy, + — v, = avy, + g(vy,)
v(0) =0, v(R) = 7
o
with v/, > 0, v/ > 0. We claim that v, (0) is bounded as n — co. Indeed,
since from (3.3) we have

(0w (0) + g(vy,)),

2|

1
o2 S (aw +g(v})) 2

we can integrate to arrive at

1 /”HR) ds /°° ds
—R< _— < _—
N 0 avn(0) +g(s) ~Jo avy(0)+g(s)

Therefore if v,(0) — oo we arrive at a contradiction. Since solutions are
increasing in ¢ (thanks to uniqueness), we can guarantee that v,(0) — v for
some v > 0. It also follows that v,, — z, the unique solution to

N-—-1
2t —2 = az+g(¢)

<

z(0) = v, 2/(0) =0,

which is defined in a maximal interval [0,7). When 7' < oo, we have
lim, 7 2(r) = oo or lim,_,p 2/(r) = co. By comparison we also have v, < z
in [0, min{T, R}).

Let us see that ' < R. Indeed, if T > R, we would have v,(R) =
@ < 2(R), and then T' = R, z(R) = oo follows. This is impossible, since
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2" > %g(z’ ), and multiplication by 2’ and another integration between £

2
and R — ¢ for some small positive ¢ yields
1 Z/(R—¢) o0
Lr=-a -2y < / 5 s < / 5.
N 2 2(Rj2) 9(8) 2(Ry2) 9(8)
Letting ¢ — 0 we obtain a contradiction with (3.2). Thus 7' < R.

Now choose a small £ > 0. Since v}, — 2’ uniformly in [0,7 — €], we have
(T —¢€) > 2/(T —¢) — e if n is large enough. Therefore

1 ViR g o d
(R—T—i—5)</ S</ ey

N o (T—e) 9(8)  Jar(r—e)—c 9(5)

Letting ¢ — 0, we arrive at T > R, a contradiction which shows that no
solutions to (3.1) may exist if ¢ is large enough. O

/

Un

4. PROOF OF THE THEOREMS

This final section will be dedicated to the proof of Theorems 1 and 2. The
idea of the proofs of existence comes from [24], and it consists in truncating
the function g in order to obtain a solution, and then estimating the gradient
of this solution in 2. The essential point is to obtain a suitable supersolution.

Since € verifies the uniform exterior sphere condition, there exists R; > 0

such that for every zo € 99 there exists yo € RV\Q with Bg, (yo)NQ = {xo}.

Choose Ry > R; large enough so that Q C A := Bg,(yo) \ Br, (yo) for every
xg € 0L). Consider the radial problem

—(rN Y =N (—au+ g(JW]) +¢), Ry <7< Ry
(1) { u(R) = 0, u(Ry) >0,

where ¢ > 0. The first important existence result is the following:

Lemma 7. Assume g € C1(R) is increasing with g(0) = 0 and h € C*(Q)
is nonnegative. If there exists a positive supersolution @ to problem (4.1),
then for every X € (0,c¢/|h|s], problem (1.1) admits a positive solution.

With regard to nonexistence results, the reference situation is a radial
problem in a ball. Observe that, since ) verifies a uniform interior ball
condition and h > 0, h Z 0 on 92, we can find xg € 99, yo € Q and R > 0
such that Br(yo) C Q, Br(yo) N 9Q = {x0} and h > hg > 0 in Bgr(yo).
Consider the problem

—(rN Y =N (—au+ g(|uW]) +e), O0<r<R
(4.2) { u'(0) =0, u(R) =0,

where ¢ > 0. Then:

Lemma 8. Assume g € C1(R) is increasing with g(0) = 0 and h € C1(Q) is
nonnegative with h > ho > 0 in Br(yo). If problem (4.2) does not admit a
positive solution for some ¢ > 0, then problem (1.1) does not have solutions
for X > c¢/hyg.

As we have quoted in the introduction, the method we follow for proving
existence (and indeed also nonexistence) relies in obtaining good estimates
for the gradient of the solutions. This last part is achieved by means of a
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kind of maximum principle for the gradient of solutions to (1.1). The proof
is inspired in the classical method of Bernstein (see for instance [29] or [24]).

Lemma 9. Let u € C?(Q)NCY(Q) be a solution to (1.1). Assume g € C*(R)
is increasing with g(0) = 0 and h € C*(Q). Then there exists a constant C
which depends on supg |ul, supyq |Vu|, supg |Vh| and X such that

|Vu| < C  in Q.

Proof. Let u be a solution to (1.1), and define w = |Vu|?4u2. For simplicity,
let us denote g(|¢]) = §(|€]?). By standard regularity, it follows that u €
C3(Q,), where Q, = {z € Q2 : |[Vu|? > p} for some 0 < p < ||ul|oo, and hence
w € C?(Q,) N C (). Then, it is not hard to check that in 2, one has

2
Aw = N|D2u|2—2§'(|Vu|2)VuV(w—u2)—2AVhVu—|—2uAu—|—(2+2a)|Vu|2.

On the other hand,

N 2 N
(Au)® = (Z aiiu> < NZ(@-iu)Q < N|D?ul?,
i=1 i=1

and since § is nondecreasing and u > 0, so that 2§ (|Vu|?)VuV (u?) > 0, we
have

2
Aw > N(Au)2 — 27 (|Vul|?) VuVw — 2AVAVu 4 2uAu + (2 + 2a)|Vul?
in €2,. An application of Cauchy-Schwarz’s inequality leads to
1
Aw > N(Au)z — 25 (IVu*)VuVw — N2|Vh|? — Nu? + |Vul|?
in ,. Fix
M > sup |Vul? + 2N ||ul|Z, + X?|| VA oo,

onN
and assume that the open set Qy = {x € Q : w > M} is nonempty. It clearly
follows that Q¢ CC Q, since

IVul* > fJull% > p in Q.

Hence Lw < 0 in Qp, where Lw := —Aw —2¢'(|Vu|)Vu- Vw, and the strong
maximum principle implies w < supgg, w = M in )y, a contradiction.
Hence w < M in . O

Now we come to the proofs of Lemmas 7 and 8.

Proof of Lemma 7. Fix for the moment z¢ € 92 and denote v(z) = u(|z —
yo|). Take K > 0 and let gx € C'(R) be a bounded increasing function
verifying gi (t) = g(t) if 0 <t < K.

Let us consider the truncated problem

—Au+ au = gg(|Vul|) + Ar(z) in Q
u=20 on 02.

When K > sup |[@[, the function v is a supersolution to (4.3) and since v = 0
a subsolution, it follows that there exists a solution u to (4.3) (by using the
results in [6] or [28]), which verifies 0 < u < .

(4.3)
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By the maximum principle we have v > 0 in Q and % < 0 on 09.
Moreover, since v(zg) = 0,

S (w0) 2 50 (o) =~ (Ry).

Let us see that the same inequality holds for every z(, € 9. Indeed, if we
take such a x(, and A’ is the corresponding annulus, then since —Au+ au <
gr (|Vul|) + A|h|s in Q, the function a(|z — yp|) is a supersolution to the
problem (4.3), considered in A’. By comparison we obtain u(x) < u(|z—y;|)

in Q. Thus
ou

Slat) =~ ()

Hence 5
_/ u
— < — < .
u(Rl)_aV_O on 0N

We are in a position to apply Lemma 9 to obtain a constant M > 0, which
does not depend on K, such that |Vu| < M in Q. Taking K > M, we have
g (|Vul) = g(J]Vul|) in Q and w is a solution to our original problem. This
concludes the proof. O

Proof of Lemma 8. Assume problem (1.1) has a positive solution u for some
A > ¢/hg. Then u is a supersolution to the problem

—Av + av = g(|Vv|) + Aho  in Br(yo)
v=20 on OBg(yo).

A similar procedure as in Lemma 7 yields the existence of a solution to this
problem, which is unique, hence radial. This is in contradiction with the
hypothesis. It is important to remark that this procedure works since the
supersolution vanishes at o € dBg(yo) N 02, which allows us to estimate
v" on OBR(yo) in terms of [Vu(zo)|. O

Finally, we proceed to prove our main theorems. We notice that, once we
have analyzed separately the cases a = 0 and a > 0 in Sections 2 and 3, the
rest of the proof is exactly the same in both cases.

Proof of Theorems 1 and 2. (i) By Lemmas 3 and 4, there exists a superso-
lution to (4.1) for every ¢ > 0. The existence of a positive solution to (1.1)
for every A > 0 follows thanks to Lemma 7.

(ii) Again by lemmas 3, 4 and 7, there exists a solution for small values of
A. On the other hand, using Lemma 8 in conjunction with Lemmas 5 and
6 we also have that no solutions to (1.1) exist for large values of A. Hence,
we can define

A =sup{\ > 0: there exists a solution to (1.1)}

and A is finite and positive. By its very definition, there are no solutions
to (1.1) for A > A. Now, choose an arbitrary A € (0, A). Then there exists
i € (A, A) such that (1.1) with A substituted by p admits a positive solution
v. Since this solution is a supersolution to (1.1), the existence of a positive
solution follows as in Lemma 7. U
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