DOUBLE-SPIKE SOLUTIONS FOR A CRITICAL
INHOMOGENEOUS ELLIPTIC PROBLEM IN DOMAINS
WITH SMALL HOLES

SALOMON ALARCON

ABSTRACT. In this paper we construct solutions which develop two neg-
ative spikes as € — 0T for the problem —Au = |u|ﬁu +ef(z) in Q,
v =0 on 9Q, where Q C R" is a bounded smooth domain exhibiting a
small hole, with f > 0, f #Z 0. This result extends Theorem 2 in [9] in
the sense that no symmetry assumptions on the domain are required.

1. INTRODUCTION

This paper deals with the construction of solutions of the problem
(1.1) { —Au= |uffTlu+ef(z)  inQ,

u=0 on 0f),

where € is a bounded smooth domain in RY, N > 3, which has a small
hole, p = % is the critical Sobolev exponent, f(x) is an inhomogeneous
perturbation, f > 0, f # 0 and € > 0 is a small parameter.
In the case 1 < p < %, it is well-known that if f = 0, the associated
energy functional to problem (1.1) is even and satisfies the (PS) condition
in H}(2) which implies the existence of infinitely many nontrivial solutions
by standard Ljusternik-Schnirelmann theory. Also known are many results
on existence and multiplicity of sign-changing solutions for small and large
inhomogeneous perturbation, see [2, 23, 5, 18, 19, 25]; whereas in [16] was
proved that (1.1) does not admit any positive solution if € > 0 is too large.

In the critical case, p = %, the embedding H}(2) € LPTL() is contin-
uous but not compact, so that the (PS) condition does not hold, and serious
difficulties in facing the existence question arise. In fact, Pohozaev [17]
proved that (1.1) has no solution if f = 0 and € is strictly star-shaped. In
contrast, Brezis and Nirenberg [7] showed that this situation can be reverted
introducing suitable additive perturbations. Rey [20] pointed out that the
result in [7] implies that if f > 0, f # 0 and f € H (Q), then at least
two positive solutions exist for € > 0 small enough. Moreover, in [20] was
proven that if f > 0, f # 0, is sufficiently regular, then at least cat(€) + 1
positive solutions exist for € > 0 sufficiently small, one of them converging
uniformly to 0 while the others concentrate at some special points in 2,
depending on f and the regular part of Green’s function of the Laplacian
on , as ¢ — 0. In parallel to Rey’s result in [20], but with a different
approach, Tarantello [26] proved that (1.1) admits at least two solutions
for f # 0 satisfying ||ef|z-1() < Cn, where Cy is an explicit constant;
such solutions are positive if f > 0. The effect of the symmetries in further
multiplicity of solutions has been considered in some works. Ali and Castro
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[1] proved that the existence result in [7] is optimal for positive solutions
in a ball: if Q is a ball and f = 1, problem (1.1) have exactly two positive
solutions for all € > 0 small enough. More recently, Clapp, Kavian and Ruf
[10] proved that if © is symmetric with respect to 0, 0 €2, and f is even,
then at least cat(£2) + 2 positive solutions exist provided that ||ef]|y-1 is
sufficiently small. The results in [7, 20, 26, 1, 10] deal with existence of
positive solutions to problem (1.1), provided that f > 0 and f # 0, where
€ > 0 is a small parameter.

Concerning solutions which are not necessarily positive, Clapp, del Pino
and Musso [9] showed existence of solutions of (1.1) under certain symmetry
assumptions in the domain €2 and the function f. Such solutions develop k
negative spikes, for any k > ko(£2) where ko(£2) is a sufficiently large number
depending of (.

In this paper we leave aside any symmetry assumptions on the domain 2
and the perturbation f, and we find solutions to problem (1.1) developing
a negative double-spike shape. Besides, we give precise information about
the asymptotic profile of the blow-up of these solutions as ¢ — 0 and we
indicate a clearly delimited region where the spikes are formed.

More precisely, our setting in problem (1.1) is as follows: let us consider
the domain

(1.2) Q =D\ BP,p),
where D is a bounded smooth domain in RN, N >3, P € D, and > 0 is a

small number. Let us consider f € C%7(Q), for some 0 < v < 1, such that
inf,cq f(z) > 0 and, by simplicity, we fix P = 0. Then our main result is

Theorem 1.1. There exists a constant pg = uo(f, D) > 0, such that for each
0 < < o fized, there exists a number €9 > 0 and a family of solutions u.
of (1.1), for 0 < e = &, < g, with the following property: u. has exactly a
pair of local minimum points (£,€5) € Q% with ko < [&5| < k*p, i = 1,2,
for certain constants ks, k* independent of u, and such that for each small
0 >0,

| f 0 d i f - ) ] - 172
{\w—sflglé, i:172}ua(x)—> an {|z_1?ﬂ<6}ua(a:)—> 00, 1

as € — 0.

Indeed we will find that wu. is a nontrivial solution of (1.1) of the form
N—-2

—_QNZ{ s gp} L) + 0. (a),

BE N2 AL 4 |z —

where 0. (z) — 0 uniformly as ¢ — 0, ¢ is the unique solution of the problem
—Ad(z) = e*f(x) inQ,
o =0 on 0f),

N-2

any = (N(N —2)) 7 and the points & — &;, up to subsequences, where
(&1,&2) is a critical point of the functional

1{H($7 r)w*(y) + 26 (z, y)w(z)w(y) + H(y, y)w?(x) }
2 G2(z,y) — H(z,z)H (y,y)

@(x,y) =
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defined in the region {(z,y) € Q2 : G(z,y) — H%(az,x)H%(y,y) >0,z # y}.
Here G and H are, respectively, the Green’s function of the Laplacian on 2
and its regular part, and w is the unique solution of the problem

—Aw = f inQ,
w = 0 on 0f.

Besides, one can identify the limits A; of \;z as

N = <a1 H(&j,&)w(&) + G (&, §)w(Es
;=

NCG2(&, &) — H(& &) H(E,6)
where ay is an explicit constant, and consider the constants k., k* as follows:
k. is the unique solution in |1, +oo] of the equation

22—N (82 4 1)N—2 4 (82 _ 1)N—2

sN—2 — (s1—1)N-2

) 3
) JiF g 4, =1,2,

and, K < k* =k x* (£, f) < oo where K is the unique solution in |1, +oo[ of
the equation

21—N (82 _ 1)N—1 4 (82 4 1)N—1

<N T ( g4 1)N -1
In particular, if f is a constant and €2 is an annulus, then k* = K.

On the other hand, it will be clear from the proof that the small excised
domain does not need to be exactly a ball, and we consider this case just
for notational simplicity.

The proof of Theorem 1.1 follows a Lyapunov-Schmidt reduction proce-
dure, related with this problem. This method has been used for solving
problem (1.1) in the critical case, see [20, 9] and in the slightly supercritical
case with f =0, see [12, 13], and also [21, 22| for related results.

In the next section we derive some basic estimates for the reduced energy
associated to this problem. Sections 3 — 4 will be devoted to discuss the
finite-dimensional reduction scheme which we use for the construction of
solutions of (1.1). In Section 5 we introduce an auxiliary function which
will be the key in our min-max scheme which we develop in Section 6 to
establish finally the Theorem 1.1.

2. BASIC ESTIMATES IN THE REDUCED ENERGY

Let © be a bounded smooth domain in R, N > 3, and let us consider
the expanded domain

Q. = 5_%9, e > 0.
Doing the change of variable
/ 2 / /
ve(2') = —eu(eN22"), o' € Qe
we note that u solves (1.1) if and only if v, solves

(2.1) { Av+ ot =P f(2)  in Q.

v=20 on 0,
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where p = Y2 and f(z/) = f (aﬁx’ ). It is well-known that all positive
solutions of equation AY + 97 = 0 in RY are given by the functions
A 2
relo) = o () T
N—2

with A > 0, £ € RN and ay = (N(N —2))" 7 , see [3, 24, 7, 8]. Since Q.
is expanding to the whole RY as ¢ — 0, and e’*!f(z’) — 0 uniformly as
¢ — 0, it is reasonable to think that, for certain numbers A, Ao > 0 and
points &1, &s € €2, some solution v, of (2.1) becomes

Ve ~ Ukhéi + UAQ@Q’

where £ = s_ﬁ& € Q¢, where from now on we use the letter £ to denote
a point in Q and &’ to denote a point in ..

From [11], we know that a better approximation to v, should be obtained
by using the orthogonal projections onto H}(€2.) of the functions U}\’gl,
denoted by Uy ¢/, namely the unique solution of the problem

—AUA,EI = Uffl in QE,
UA,E' =0 on 895
In other words, Uy ¢ = U,\yg/ — V)¢, Where Uy ¢/ solves
—A’f})\’gl = 0_ in Q,,
Uy ¢ = U>\7£/ on 0f2..

Hence, if we consider U = Ul,o, we obtain

(2.2) e (@) = AT H(ET L €) / 07 + o(c2)
RN
and, away from z’ = ¢,
2.3 U)\ ’ J;', = 52)\¥G 5%1/’5 Up_|_0 52
75
RN

uniformly for 2’ on each compact subset of €., where G and H are, respec-
tively, the Green’s function of the Laplacian with the Dirichlet boundary
condition on 2 and its regular part. Now, to simplify notation, we consider
the following function

V(z") =Ui(2') + Us(2), 2’ € Qx,
where U; = Uy, ¢/, i=1,2, and we put €= (6,&)eN?and X = (A1, X2) €RZ.
Then, we look for solutions of the problem (2.1) of the form
(2.4) v(z') = V(@) +7((2), 2 €.,

which for suitable points £ and scalars A will have the remainder term 7 of
small order all over .. Since solutions of (2.1) correspond to stationary
points of its associated energy functional J. defined by

1 1 P
2.5 J.(v) = = V1)2—/ p[Ptt 4 Pt v,
@9 =g [ wle g [ [ ]
we have that if a solution of the form (2.4) exists, then we should have

Je(v) ~ Jo(V') and the corresponding points ({, X) in the definition of V' also
should be “approximately stationary” for the finite-dimensional functional
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(£.X) — Jo(V). Thus, our first goal is to estimate J.(V). In order to
establish the expansion, we consider the function w which corresponds to
the unique solution in C%7(Q) of the problem

—Aw=f in Q,
w=0 on 0L,

and we make the following choice of the points and the parameters: we fix
0 > 0 and we relabel the parameters \;’s as

A= (aytA) 2, i=1,2,
where ay = [pn UP and A; €]6,07 1], for i = 1,2. We also define the set
2.7)  Ms={(EA): |6 — €| > 6, dist(&;, Q) > 6; i = 1,2},
where £ = (€1,&) € Q2 and A= (A1, Ag) €16,071[%

(2.6)

Lemma 2.1. Let § > 0 given. The following expansion holds
J-(V) = 2Cy + £2®(€, A) + o(<?)
uniformly in the C'-sense, with respect to (€, \) in Ms. Here

1 _ 1 _
2.8 Cy == VU]? — —— grtt
( ) N 2/RN| ‘ p—i—l/RN

and the function ® is defined by

2 2
(29) @A) = ;{ D OATH(G, &) — 20 MG (&, &)} + > Aw(&).
i=1 =1

The proof of the previous lemma is based in (2.2), (2.3) and some esti-
mates established in [4], and follows the general lineaments used to prove
Lemma 3.2 of [12] and Proposition 1 of [9], therefore is omitted.

3. THE FINITE-DIMENSIONAL REDUCTION

We first introduce some notation to be used in what follows. For functions
u, v defined in 2. we set
(u,v) = / uv.
Qe

Let us fix a small number § > 0 and consider points (¢, A) in
(3.1) 5={(&,K) eQ?x]8, 67 |& - €| > 6., dist(&],00:) > bz i=1,2]},

where 0, = 65_%, g = (€,¢&) and A = (A1, Ay). Since all solutions ¥
of the problem AY + pU% "9 = 0 in RY which satisfy [9(z)| < Cla>~¥

belong to span{ 853’0, 8(5/,;,0
J

i1, N1 See [8], it is convenient to consider,

for : = 1,2, the following functions:
o,
"o,
and their respective H{ (Q.)-projections Z;;, namely the unique solutions of
{ AZi;i=AZ; in Q.
Z;ij =0 on 0.

. - oU;
(:U,)v J = 17 s 7N7 Zi(N—‘rl)(x,):ﬁ(x/)?

Zij(2)
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In order to simplify notation, we will denote
V=U+U; and ‘_/:Ul—l-[jg.

We start studying a linear problem which is the basis for the reduction of

(2.1): given h € L>(€).), find a function n and constants c;; such that

An+plVIP lnp=h+ Z CijUip_lzij in Q,

7:7j
(3.2) n=20 on 0L,
-1 ..
(n, U™ Zij) =0 Vi, j.
We want to prove that this problem is uniquely solvable with uniform bounds
in certain appropriate norms. In other words, we want study the linear
operator L. associated to (3.2), namely

(3.3) Le(n) = An+p|V[P~iy,
under the previous orthogonality conditions. In order to this goal, we in-

_N-—2
troduce the following L°°-norms with weight. Let w; = (14 |2/ — &/|*)™ 2
be, i = 1, 2; for a function 0 defined in 2., we consider the norms

1611 = | (w1 +w2) ™7 0(2")lloo + | (w1 +w2) ™77 V(@)1

Wherea:%if3§]\7§6,a:ﬁifNZ?,and

0] = 1| (w1 + w2) ™" 0(2') oo,

where ¢ = % if3<N<6,¢= ﬁ if N > 7. These norms are similar to
those defined in [9] for N > 7, but for 3 < N < 6 we have modified them,
something apparently necessary in that case, since p > 2. Now, we study
the invertibility of the linear operator L. defined in (3.3). Hence, also is

important to understand its differentiability in the variables (57 ) K) € M;.

Proposition 3.1. Assume that (5_;,1—&') € M5. Then there exist ¢ > 0

and C > 0, such that for all 0 < ¢ < g9 and for all h € C*(), the
problem (3.2) admits an unique solution n = M_.(h). Moreover, the map

(€,K,h) — n= M.(h) is of class C' and satisfies
11l < Cllhlles and [V g nllx < Cl[A]

The proof of this proposition follows from a slight variation of the argu-
ments in the proof of Propositions 4.1 and 4.2 in [12] with the necessary
modifications in [14] so that we omit it. In what follows, C' represents a
generic positive constant which is independent of € and of the particular
points ({/,K) € M;.

Now, we are ready to begin the finite-dimensional reduction. We want to
solve the following nonlinear problem: find a function 7 such that for certain
constants ¢;j, ¢ = 1,2, j=1,..., N + 1, one has

AV +i)+ VAP 1 (Vi) —eP T =Y e U2 in Q.
(3.4) ij

n=20 on 0f),,
(1, UP " Zy) = — (¢, UP™' Zij) Vi, j,
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where ¢ solves the problem
—A¢p=ePT1f in Q.
(3.5) { p=0 on 0f)..

Note that V' + 7 is a solution of (2.1) if the scalars ¢;; in (3.4) are all zero.
Also, we note that the partial differential equation in (3.4) is equivalent in
Q. to:

An+plVIPin = =N(n) = Re+ Y e UPT,
ij
where n =1 — ¢,
(3.6) N.(n) = [V4n—8|P " (V4n—¢) 1 — V[P V=p|V [P~ (n—0)
and
(3.7) R. = VPV —UP - U} — p|V P~ 1o

A first step to solve (3.4) consists of dealing with the following nonlinear
problem: find a function ¢ such that for certain constants c;j, i = 1,2,
7=1,...,N +1, solves

AV A7) +V+iPH(V4i) =P f = e, UP 2y in Q,

,J
(3.8) =0 on 0€),
(p, UP Zi5) =0 Vi, j,

where =1 + ¢ — ¢, with ¢ satisfying (3.5), and the function 1) is chosen as
(3.9) 1/1 == _Ma(Re)

where M, is defined as in Proposition 3.1 and R, is given by (3.7). Actually,
it is easy to check that for points (£/,A) € M35 one has

llls < Ce?.
Now, in (3.8) we rewrite the equation of our interest as
Ap+plVIPhp = —Ne(n) — (AY +p|VIP '+ Re) + Y iU 2y
where 1 = 1) + . J

Lemma 3.2. Assume that (57, A) e M5. Then there exists C > 0 such that

for all e > 0 small enough and ||¢||« < % one has

C(lel? +ellell +er*?) if 3< N <6,

N (949 || <
el {0<52<P2>Hsouz+ap23p+2\souz+ep2p+2> N>

Proof. Note that ||¢||. < CeP if 3 < N < 6, ||¢|« < Ce? if N > 7 and
[« < Ce®. Since |9 + @[« < [9[lx + [[@ll«, then for 7 = 9 + ¢ we have

that ||n]]« < 1. Also we note that
(3.10) N:(n) =C|V +t(n—9)P%(n — ¢)?,
with ¢ €]0,1[. Hence, if 3 < N < 6 then
(w1 +w2) " N()] < Clwr +wa) 2 ln — @lI7 < Clln — ¢II2.
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On the other hand, for N > 7, if |n| < %(wl + w9) we use again (3.10) and
we obtain
__4 6=NN 2 6-N 2
(w1 +w2) M2 Ne(n)| < Clwr +w2) 2 In = ¢[]; < Cev=2|n — ¢l

In another case we obtain directly from (3.6) that

__a __4 6=N_ 2
(w1 +w2) " ¥2Ne(n)| < Cl(wi +wa) ¥2(n — ¢)?| < Cen=2"5-2ln — ¢|.
Combining previous estimates the result follows. B

Now, we deal with the following problem
Ap+pVPlo==N(n)+ > eiUP ' Zy; in Q,

i,J
(3.11) p=0 on 0f).,

<907Uzpilzlj> =0 \v/ivjv
where 17 = ¢ + ¢ and 9 is the function defined in (3.9).

Proposition 3.3. Assume that (£,X) € MG5. Then there exists C > 0, such
that for all € > 0 small enough there exists an unique solution p = gp(g, K)
to problem (5.11). Moreover, the map (&, K) — (€', R) is of class C* for
the || - ||«-norm and it satisfies

lolls < Ce® and ||V g zyell« < Ce.

Proof. Let us set
Fr={p € Hy() : lloll < re},

with > 0 a constant to be fixed later. We define the map A, : F,. — H&(QE)
as

Ae(@) = —M. (Ns(¢ + (P))

where M. is the operator defined in Proposition 3.1. Since ¢ = —M_.(R.),
solving (3.11) is equivalent to finding a fixed point ¢ for A.. From Propo-
sition 3.1 and Lemma 3.2, we deduce that if ¢ € F,. and € > 0 is small
enough, then

1Ae(o)]]« < re?
for a suitable choice of r = (V) which we consider fixed from now on. Note
that for @1, o € F,. we have from Lemma 3.2

[Ac(p1) = Ac(@2) [« < ClIN(¥ + 1) = Ne(® + @2) [ < CePllor — 2l

for all N > 3. It follows that, for ¢ > 0 small enough, the map A. is a
contraction || - ||« in F,. Therefore, A, has a fixed point in F,.

Concerning differentiability properties, let us recall that n = ¥ + ¢ is
defined by the relation

B(¢,K,n) = n+ M.(N.(¢ + ¢)) = 0.
We see that

and check .
[M(0)]]« < Cel|0]]..
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This implies that for ¢ small, the linear operator D, B (5_; A, 7n) is invertible
in the space of the continuous functions in 2. with bounded || - ||,-norm,
with uniformly bounded inverse depending continuously on its parameters.

Now, let us consider the differentiability with respect to the {7 variable
and by simplicity we write %Qj = 8%. Then

851/&_3(5;, A: 77) = agnga (Ne(w"i‘@))"i_Ma (agnga (¢+‘P))+M€ (DnNe (¢+<P)35;]¢)-

It is clear that all expressions which define to 851/_J_B (5’ , K, 1) depend
continuously on their parameters. Applying the implicit function theorem
we obtain that ¢(¢, A) is a C''-function in L°. Besides, we get

- = -1 - -
de ¢ = —(DyBE . K.n) (9 BE. K1),
and using the first part of this proposition, the estimates in the previous

lemmas, Proposition 3.1 and the fact that (E, K) € M%, we conclude
10g; @114 C (IINe (9 + @) st 10g, Ne (904 0) st | Dy Ne (v +0) gy | s < CE?

Similarly, we can analyze differentiability of B with respect to K. This
finishes the proof. B

4. THE REDUCED FUNCTIONAL
Now we are ready to solve the full problem. Let us consider (5_7 , K) € M;
whit M5 defined by (3.1). All estimates obtained below will be uniform on

these points. Let ¢ = go(§_7 , K) be the unique solution, given by Proposition
3.3, of the problem (3.8) with 7 = ¢ + ¢ — ¢, where ¢ solves (3.9) and ¢

solves (3.5). Note that if £ = 5ﬁ£7 €02 and X = (A, \g) € R? so that
¢ij = 0 for all 4, j, then a solution of (1.1) is
u(z) = —gflw(a_ﬁx) x €,

where v =V + ¢ + go( ) ¢. Hence, u will be a critical point of

=5 [1vuP = [uptt =< [ pu

while v will be one of J. given by (2 5). Then it is convenient to consider
the following functions defined in 2:

A~ 2 ~ 2

Uz(x) = 871Ui(67ml’) = UA?;Ei(x)v ¢(x) = 5711/;(57772_%),
@(5 K)(x) = 5_180<§7K)(€_ﬁ$) and (;5(;5) = 5_1¢(5_m$),

Note that U; = Uy,, ¢, where \;e = (CNA?E)% €R, and £ = 5%5, with
(£, X) € M; defined by (2.7). Now, let us put U = U; + Us. Consider now
the functional

It is easy to check that
ZEX) = J(V + ¢+ 0, K) - ¢).
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Then, putting 7 = ¢ + @(E', K) — ¢, one shows that DJ.(V + ) [¢] = 0 for
all ¥ € H., where H. = {0 € H}(9:) : (9, VP Z;;) = 0 Vi, j}. Also one has

(]

oV oV
e Zie+o(1) Vik;  ———— = Zyni1) +o(1) VI,
lk

8Al(N+1)
with o(1) — 0 in the || - ||s-norm as ¢ — 0. Then from Proposition 3.3 we
obtain the following basic result:

Lemma 4.1. The function u = U + ¢ + cﬁ(é K) — & is a solution of the
problem (1.1) if only if (€, ) is a critical point of T.

Next step is then to give an asymptotic estimate for 7 (E, K) Put

(42) o = [ H@pie) da,
0
where w is the solution of (2.6). Then
Proposition 4.2. The following expansion holds:
(4.3) Z(E,R) = 2CN + 2{®(E,A) + 04} + o(2)(E, K)

uniformly in the C'-sense with respect to (5_: K) € Mg, where 6 is a bounded
uniformly function independently of € > 0. Here Cy is the constant given
by (2.8) and ® is the function given by (2.9).

Proof. The first step to achieve our goal is to prove that

(4.4) Z(ER) = I(V + 4 = ) = o(e?)
and
(4.5) Vier (ZER) = LV + 9 - ) = o(?).

Let us set ¥ =V + 1 — ¢ and notice that

TER) — LV +0-8) = —/Olt(/ﬂj\fe(l/fﬂo)@) it

1
+/ t(/p(|V|P—1 |19+tg0\p_1)g02> dt.
0 Qe

Now, differentiating with respect to the { variable, we obtain
o o : _2 [t _ _
DAZ(E,N)~1:(9)) = —¢ N—z/o t/vag, [[9 +toP~p? — |V P2 dt

W /Q Vo (N0+e)e)

Keeping in mind that || Nz (Y+) |+l H Y [ H Ve ol Ve . < O(e?),
we get that (4.4) and (4.5) hold true.
A second step is to prove that
(4’6) Ia(v + QZJ - (;AS) - IE(V - (ﬁ) = 0(52)
and

(4'7) V(gj) (L—:(V +v— ¢) - I&-(V - é)) - 0(52)-
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Put n =V — ¢ and, by the fundamental calculus theorem, note that
1

@s) 1+ 9 -1 = [a-o [ o= [ o) d
+ [ (vP=p=pvrigys+ [ Rew.

£

Now, differentiating with respect to é’ variables, we obtain
~ _ 2 1 _
DAL (7 + )~ L.(7)) =&~ / (1-1) /Q Vo (pln + to 2 | Vo[?)dt
%3 P P p—1
e [ T (VP = plV P o)
2 » » -1
b3 [ (Wl plVI o) Vg

+5‘N2—2/Q V§R5¢+5_N2—2/ﬂ RV .

Since || Re ||t Ve Rellss |8 lloct [0+ Verihlls < O(?) and [|6]]. < O(P)
if 3< N <6, [|¢]|« < O(e?) if N > 7, one has that (4.6) and (4.7) hold.
Finally, only we need hold the following two estimates

(4.9) L(V = @)~ I.(V) = %0 + o(<?),
where o is given by (4.2), and
(4-10) D@K) (Ia(v - é)_le(v)) = 0(52)~

Now, we have that

1
) — 5 — Y = 2_ — p_l 2
(@11) LV - d)-L(V) /0</QE|V¢>| /erv t9| qs)dt
+/Q (TF + T — |V — t6)o.
Note that

/ g /| 1997 di= / 1997 =t /| o= | w=2;.

and since ||@|loo < O(ePT1), we have that

/ PV — toP~¢?
Qe

On the other hand, it is not difficult to check that

Vg(i ﬁf_"/_t‘b‘p) ¢‘ - '/QERW +/QE(\VP—IV—t¢!p—p|V\p1¢>)¢>' <o(e?).

i=1
The above estimates hold (4.9). Now, from (4.11) we get

< 054/ (w1 + wg)p_l < o(e?).

Qe

~ ~ ~ 2 1
DE(IE(V —¢)—L(V)) :e_NZ/O t/ p|V — t¢\p_2Vg,V¢>2 dt

teTv | Ve (U7 + U5 = |V —tP)s,
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but since ||¢]l < O(ePT1), it is easy to check that (4.10) is truth. Similarly
we hold results for the differentiability with respect to A. B

Remark 4.3. Lemma 2.1 and previous proposition yield

—

(4.12) VienZ(ER) =V 506 A) +0(e*)V ¢ 5 0(E, K),

uniformly with respect to (5 K) € M;, where 0 and V(€ A)H are bounded
uniformly functions, independently of all € > 0 small. [

5. AN AUXILIARY FUNCTION ON THE EXTERIOR DOMAIN

In this section we consider the domain €2 defined in (1.2) with P = 0,
g > 0 small and fixed and we assume that f € C%7(Q), for some 0 < 7 < 1,
with mingeq f(z) = a > 0. Let w be the unique solution in C%7(Q) of
problem (2.6), then it is easy to check that w,(z) = p~2w(uz) is the unique
C?7 (1) solution of the problem

—Aw, :f in p 0
w, =0 on 9(u'Q),

where f(z) = f(ux) for z € (u™1Q).

Now, we consider the exterior domain
E=RY\ B(0,1)

and we denote by Gg and Hpg, respectively, the Green’s function on E and
its regular part. By convenience, in the set:

V={(z,y) € RY x RY : Gg(z,y) — H%(x,a:)H%(y,y) >0} N (n1Q)
we define the function:
Bo(e,) 1{HE(w’$)wﬁ(y) - 2Gp(w, y)wu(z)wu(y) + He(y, y)w; () }
2 Gy (z,y) — Hg(x,2)Hg(y,y)
Then, if x and y are variable vectors whose magnitudes remain constant and

we differentiate @5 with respect to the angle 6 formed between them, we
obtain

0 .
%Q?E( y) = F(z,y,0)sind

for 0 < 0 < m. Since F(z,y,0) > 0 for all 6 €]0, «[, (z,y) € V, we have that
for given magnitudes |z| and |y|, 5 maximizes its value when 0 = 7, is to
say when x and y have opposite directions. In the rest of this section we
assume that this is the situation.

5.1. A first step to the auxiliary function: a radial case. In this
subsection we consider a fixed constant 7' > 0 and the domain

Qi=A,={zeR": 1< |z[<p™} and f=1.
We write R := R(u,T) = p~ T so that w, € C*7( A, ) is defined by

1 RP—1 N 1-RN
wy(z) == WR(UC)—QN{RQ_N_l’x\z N~ o + R? NRQ—N_l}'
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From the maximum principle we have that Wg is strictly positive in A,,.
Besides, it achieves its maximum value in

(N —2)RN=2(R? —1)\ ¥
)

Note that R, — +00 as p — 0. Now we consider an unitary vector e and
we put x = se, y = —te with s,£ > 1. Then

2ﬁN¢)E(x7 y) = 2ﬂN¢R(x7 y)
= 2ﬁNd~SR(57 t)
W3 (s)

W2(t) - -
(52711%>N—2 +2{ (5+t)1N—2 - (St+11)N72 }WI%(S)WI% (t)+m

N
z, € R™ such that |z},| = R}, = <

)
1

2
1 1
((s+t)N*2*(st+1>N*2> D22

where Wg(r) = Wg(re), for 1 < r < R.

Remark 5.1. We define in |1, +00[x]1, +00] the following function:

- 1 1 1
Ve = G T w0 e e

From (5.1), it is easy to check that we can choose pg small enough such that
for all 0 < p < po there are 1 < k, < K < R}, independent of y, verifying
U(ky, ky) =0, U(K,K) = max, ek U(|z|, |y|). Moreover, k, is the unique
solution in |1, 4o00[ of the equation

227N (82 + 1)N72 4 (82 _ 1)N72

sN—2 — (st —1)N-2

and K is the only one solution in |1, +oo[ of

21*N _ (82+1)N71+(82_1)N71 -
sN - (84—1)N_1 ’

Now, it is not difficult to prove

Lemma 5.2. The function ®g achieves only one minimum value at a crit-
ical point of the form (pr, pr) € |k, K[%.

5.2. General case. Let D the smooth and bounded domain in RV, N > 3,
which define to 2 in (1.2). In this subsection we consider the values m, M as
follows: m is the radius of the biggest ball centered at the origin contained in
D and M is the radius of the smallest ball centered at the origin containing
to D. Let w be the unique solution C?7(Q) of the problem (2.6). By the
maximum principle, we check that

zm(z) Sw(z) <zm(x), YV <l|z| <m,
where zp,(z) = ap?Wg, (p~tz) and zp(z) = Bu?Wgy(p 'x), with
Ry = p~'m and Ry = p~'M. Hence,

1

g, (e, wly) S Pp(plr, T ly) < Opy (e, T y), V< |z, Jyl < m.
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Since the function ¥ (s, s) defined in Remark 2 is decreasing in its diagonal
for values of s greater that K and goes to 0, then is not difficult to show
that the system

M >1 and s> K

bp,(K,K)
posses solution, we say k*, when we have chosen p > 0 sufficiently small but
fixed. Indeed, if we put 8 = max,cq f(z) and (am?—M?) KN =24 5M? # 0
then we can chose in the limit for u

2 7o N—2 s
- :maX{K,{<(am2_;]\TZQ)I{KN—2+5M2)+} ) }

If (am? — BM?)KN=2 + BM? = 0, we change K by a value a few greater
that K in the definition of k*. Then the following lemma is obtained

Lemma 5.3. The function ®g(x,y) achieves a relative minimum value
in a critical point (z,,y,) with x, and y, having opposite directions, and
(zul, lyul) €1ks, K*[%. Moreover, |z,| and |y,| belong to a compact region
fully contained in k., k*[2, which is independent of all > 0 small enough.

Let
Q={(z,y) e VXV ik <|z||yl <k},
We define the following value

5.1 ¢y, =Pgp(x,, = min Pg(z,y).
(5.1) o B(Tps Yp) (21)eQ B(,y)

Let 6, > 0 a suitable small value such that the level set

{(z,y) € Q: Pp(z,y) =0}

is a closed curve and that V®g(z,y) does not vanish on it. Let us set

(5.2) T, = {(2,9) € Q: Puln,y) < 6}
Thus, on this region we have that g (z,y) < 0, and if (z,y) € 07, then one
of the following two situations happen: either there is a tangential direction
7 to 0%, such that V&g (x,y) - 7 # 0; or x and y lie in opposite directions,
Pp(x,y) = 0, and VPg(z,y) # 0, being points orthogonally outwards to
T,,. Moreover, for 1y > 0 small enough fixed

(5.3) T, cCcY,ccQ forall 0<p<p<po.

Let us consider now the exterior domain

and we denote by G, and H,, respectively, the Green’s function on £,
and its regular part, then G, (z,y) = p2 NGg(p~tz, p~ty) and H,(z,y) =
w2 NHp(p 'z, p~y). In particular, if we put

with Y, defined by (5.2), then X, corresponds precisely to the set where
Pp(ptz, pty) < 8,, with §,, defined by (5.2). Moreover, since

G(z,y) = Gu(z,y) + O(1) V(z,y) € p1Q,
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where the quantity O(1) is bounded independently of all small u, in the
C'-sense, and the same is true for the function H, we have that the function

1{ H (z, 2)w?(y) + 2G(x, y)w(x)w(y) + H(y, y)w*(z) }
2 G*(x,y) — H(z,2)H(y,y)

satisfies in the region pQ the following relation

(5.6) b(x,y) = pN P p(u e, 1 y) + o(1)

where the quantity o(1) is bounded independently of all small number p > 0
in the C'-sense. Besides, o(1) — 0 as y — 0.

(5.5) @(z,y) =

6. THE MIN-MAX AND THE PROOF OF THE MAIN RESULT

In this section p > 0 is a fixed small enough number and €2 is the domain
given in (1.2) with P = 0. According to the results previously obtained,
(4.1) and (4.12), our problem reduces to that of finding a critical point for

(6.1)  ®(EA) = {ZM (383 2A1AQG&,§2}+ZAM

where E = (£,&) € Q2 and A = (A1, A9) € R+. Here we consider the
function ® defined over the class Xf; x R, where X, is defined by (5.4).
Indeed ® has some singularities on this class which we can avoid by replacing

the term G(&1,&2) in (6.1) by

G(&, if G(&1, < M,

where M is a big number. Hence, we can work with the functional modified,
which by simplicity we still call ®.

For every £ € 2, we choose ) = (dh (E),dz(f)) € R? being a vector
which defines a negative direction of the associated quadratic form with ®.
Such direction exists since G*(z,y) — H(z,z)H(y,y) > 0 over ¥f. More

precisely, for fixed 50 € 2§, the function

®(&,d) = {ZdQ (€0,i>€0,0) 2d1d2G§017€02}+Zdw§01

-

d= (dl,dg) only, with dy,d2 > 0, has a unique
€0),d2(&)) given by
w(&o

3(&y) = H (0,5, §0,5)w(80,i) + G(€0,i, §0,2)w(&o,)
' G?(&0,i,€0,5) — H (0,4, €0,i) H (0,55 €0,5)

regarded as a function of
critical point d(&) = (da(

i,j =12, i#].
In particular,
(6.3) (&, d(%)) = ()

where ®q, is the function given by (5.5). Then we simply choose d(£) = d(&).
Let x,, and y,, the points given by (5.1). From now on we consider p,, = |z,
and p, = |yu|. Put

S = {(z,y) € Q*: (|z],|y]) = (upu, upu)}-
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Let K be the class of all continuous functions
k:SxIpx[0,1] — Xh x R2

such Ehat B B B . . B

1) (&, Uo,t):(f, Uod(f)) and k(€, 00_1, t):(f, ao‘ld(g)) for all £€8, t€]0,1].

2)k(E,0,0) = (E, ad(g)) for all (€,0) € S x Iy, where I = (00,05 '], being

oo a small number to be chosen later.
Then we define the min-max value as

(6.4) ¢(Q)=inf sup ®(k(£a,1)).
rEK (E,O')GSXIO

In what follows we will prove that ¢(Q) is a critical value of ®.

Lemma 6.1. For all sufficiently small i > 0, the following estimate holds:
c(Q) < uMN e, +o(1)

where o(1) — 0 as p — 0, and ¢, is the value defined in (5.1).

Proof. For all t € [0, 1], we consider the test path defined as /’i(é: o,t) =
(E, ad(@). Maximizing @(g, ad(g)) in the variable o, we note that this
maximum value is attained at ¢ = 1, because our choice of the vector d(g)
Hence, from (6.3), we have that

Eneai)( @(5, ad(g)) = @(5, d(g))
On the other hand, by definition of S, we see that
Pp(p &, 1 '6) = cp
Then the conclusion is immediate from (5.6) and the definition of ¢(€2). B

In order to prove that ¢(€2) is indeed a critical point of ® we need an inter-
section lemma. The idea behind this result is the topological continuation of
the set of solution of an equation (see [15]). For every (£, 0,t) € Sx Iy x [0, 1]
we denote (£, 0,t) = (£(€,0,1),A(E,0,1)) € Th x R2, with € = (£, &),
A = (A1, Ay) and we define the set

M= {(£,0) €S xIp:Ai(§0,1) As(€,0,1) = 1}.

The following lemma has been probed by Del Pino, Felmer and Musso in
Lema 6.2 of [13], therefore here the proof is omitted.

Lemma 6.2. For every open neighborhood W of M in S x Iy, the projection
g: W — S induces a monomorphism in cohomology, that is

g*:H*(S) — H*(W)
18 injective.
Proposition 6.3. There is a constant A > 0 such that

sup @(m(f_; o, 1)) >—-A, Veek.
(g,O')GSXIO
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Proof. Note that £ € 4 implies that & € B(0, uk*)\ B(0, uk..), for i = 1,2,
with p, pu € ks, k*[ for any p sufficiently small. Thus, we can find a number

dp > 0 such that if [&; — &| < dp, then & - & > 0. Let Ag > 0 be such that
G(z,y) > Ap implies that |z — y| < do.
We argue by contradiction. Let us assume that for certain k € KC

®(r(£,0,1)) < —Ay Y(E,0) €S x I
This implies that for all (£,0) € M, (£,6) = (5(5, 0, 1), A, o, 1)), we have
2G(&1,&) — (ATH(&1, &) + 2Mw (& + H(6, &) + 2Aw(&)) > 240

and since H(&;,&) > 0 and w(;) > 0, we conclude that if we take a small
neighborhood W of M in S X I, then for every ({,0) € W one has

G(é(&) g, 1)) > AO-

Hence |€; — &| < &. Let us fix points ¢; € RN, i = 1,2, such that |(;| = Py
and |(2| = py, then = (¢1,¢2) € S. Denoting k1 = k(-,1), we see that
because of the above conclusion (W) C (X6 \T(f)) x R? | where T(C) =
{(tlg“l, tQCQ) 11,1t € ]k, K[}

Consider the map s : X X Ri — S defined componentwise as s(f_; K) =
w(puéi/\€1l, puéa/|€2]). Then kjos™: H*(S)— H*(Sx Iy), where kg = k( -, 0)
is an isomorphism. By the homotopy axiom we deduce then that ] o s* is
also an isomorphism. We consider the following commutative diagram:

"
1

H*S xI)) <L H*ZA xR2) & H*(S)

HA(W) = Hm(W) S HA(S\{O),
where i, i2 and i3 are inclusion maps, k1 = ki|lw y 8§ = 8|, (w). From
Lemma 6.2 we have that ¢] is a monomorphism which is a contradiction
with the fact that H2N(S\{{})= 0. Thus, the result follows. B

In order to prove that the min-max number (6.4) is a critical value of
®, we need care about the fact the domain in which & is defined is not
necessarily closed for the gradient flow of ®. The following lemma appears
in this direction.

Lemma 6.4. Assume that > 0 is a small enough number. Let (£, A™) €
Z’é X Ri be a sequence such that

(6.5) V5 ®(En, An) — 0.

Then each component ofKn 18 bounded above and below by positive constants.

Progf. Note that 276 cc Q. Hence w(&) > 0, i = 1,2, for all EE 276 We

put &, = ({10, &2,n) and Ay, = (A1, A2y,). Then (6.5) is equivalent to
NinH (&, i) = NjnG(&im, §in) +w(&im) — 05 4,5 =1,2, i # .

It is clear that ]Kn\ — 0or A;p, — 0 and Aj,, — C, with C different of

zero and i # j, cannot happen. Hence, we can suppose that |Kn| — 4o00.
Since H and G remain uniformly controlled, (u is fixed) we easily see that
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Ay, — +ooand Ag, — +00. Weput/im: |A“1‘ for ¢ = 1, 2, and passing to

a subsequence, if necessary, we may assume that this sequence it approaches
a nonzero vector (A, Ay) with A; # 0 for i = 1,2. Tt follows that

JN\z‘,nH(fi,na fz,n) — Aj7”G(£1,n7 52771) + w(_é:i,n) R

|An]

0; 4,5=12, i#].
For a suitable subsequence, we obtain for some (&1, &s) € Ei’é the system

A G(&,&) d Ay G(&,&)

— = ——~ an = = =
Ay H(&1,61) Ay H(,6)
Hence

G*(&1,82) — H(&1,6)H (€2,€2) =0
which is a contradiction, since the quantity on the left hand side in the
previous equality is strictly positive when p > 0 is chosen sufficiently small.
This finishes the proof. B

Proposition 6.5. Let us assume that p > 0 is an small enough number.
Then the functional ® satisfies the (PS) condition in the region Xf x ]R?F at
the level c¢(2) given in (6.4).

Proof. Let us consider a sequence ({n, A n) € 3 x R? such that
y @A) =0 and  VZO(Er, Kn) — 0,
where VgI) corresponds to the tangential gradient of ® to Xf, x Ri in case

that En it is approaching to 9Xf, or the full gradient in otherwise. From

the previous lemma, the components of A, are bounded above and below
by positive constants, so that we may assume, passmg to a subsequence if
necessary, that (&,,A,) — (€0, Ao) € E“ x R% and ®(&,, An) — ¢(Q). Then

V5®(&, Ko) = 0.

Observe that if & € int(2f) then & is a critical point of ®. We assume the
opposite, this is that & € 0% Then

D01, 1™ 602) = Oy
Firstly we note that V Kq)(é), Ko) = 0, then Ag satisfies

0i = (fO,jaé-O,j)w(SO,z) + G(&O,w gO,J)w(§0,j) : l,] _ 17 2, i 7& ,7
G*(0,i5€0,5) — H(&0,i- €0,1)H (€0,55 §0.5)

Substituting these values in ®, from (6.3) we obtain

¢(2) = @(&, Ao) = (&)
and from (5.6) we deduce that

e(Q) = gV 2p(p o1, 1 602) + (o).

where 9(50) is small in the C! sense, as u > 0 becomes smaller. Hence,
Vg@(fg,Ao) 7 ~ 0 for any tangential direction 7 to %f. Thus, from
the analysis in the previous section, we have that & 1,&p2 are in opposite
directions, ®(&, Ag) ~ pN 126, and Vg@(go, Ap) must be away from 0. Then
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choosing 7 parallel to Vg‘b(fb, Ko) we obtain that ng(fo, Ko) -7 must to be

away from 0, which is a contradiction. Then, the point Eo € int(Xf), which
implies that the (PS) condition holds and the results follows. W

Now we are in conditions to complete the proof of Theorem 1.1
Proof of Theorem 1.1. Let us consider the domain X2 = 3§ x [a, b]?
with a,b to be choose later. Then the functional Z given by (4.1) is well
defined on XP except on the set

A, ={EK) €38 16— &l <}
From (4.3) we can extend Z to all £ by extending ® as in (6.2), and keep
relations (4.3) and (4.12) over XP.

From Proposition 6.5, ® satisfies the (PS) condition. Then there exist
constants b > 0, ¢ > 0 and go > 0, such that if 0 < p < gp, and (f_: NS 28
satisfying [A| > b and ¢() — 20 < ®(£, X) < () + 20, then |[VO(E, X)| > c.

We now use the min-max characterization of ¢(£2) to choose k € K so that

c(Q) < sup q)(n({, 0,1)) <c(Q) +o.
(gc)GSXIO

By making a small and b large if necessary, we can assume that /1(5, o,1) €
>P/2 2P for all (€,0) €S x Io.

Consider now 7 : B2 x [0, +00] — XP being the solution of the equation
7 = —h(n)VZI(n) with initial condition n(g, A, 0) = (5, K). Here the function
h is defined in P so that (€, A) = 0 for all (€, A) with (£, A) < ¢(Q) — 20
and h(€,K) = 1 if ®(E, A) > ¢() — o, satisfying 0 < h < 1.

Hence, by the choice of a y b, and bearing in mind (4.3) and (4.12), we
have that (¢, A, t) € 3P for all t > 0. Then the following min-max value

C(Q) =i 3
(@) =inf sup  Z(n(( 0, 1),1))
- (£7U)GSX]O
is a critical value for Z. We are always assuming that ¢ is small enough, to
make the errors in (4.1) sufficiently small. Theorem 1.1 has been proven. B
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